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Abstract
Supersymmetry is an essential component of all modern theories such as
strings, branes and supergravity, because it is considered as an indispensable
ingredient in the search for a unified field theory. Lower dimensional models
are of particular importance for the investigation of physical phenomena in
a somewhat simplified context. Therefore, two-dimensional supergravity is
discussed in the present work.
The constraints of the superfield method are adapted to allow for su-
pergravity with bosonic torsion. As the analysis of the Bianchi identities
reveals, a new vector superfield is encountered besides the well-known scalar
one. The constraints are solved both with superfields using a special decom-
position of the supervielbein, and explicitly in terms of component fields in
a Wess-Zumino gauge.
The graded Poisson Sigma Model (gPSM) is the alternative method used
to construct supersymmetric gravity theories. In this context the graded
Jacobi identity is solved algebraically for general cases. Some of the Poisson
algebras obtained are singular, or several potentials contained in them are
restricted. This is discussed for a selection of representative algebras. It is
found, that the gPSM is far more flexible and it shows the inherent ambiguity
of the supersymmetric extension more clearly than the superfield method.
Among the various models spherically reduced Einstein gravity and gravity
with torsion are treated. Also the Legendre transformation to eliminate
auxiliary fields, superdilaton theories and the explicit solution of the gPSM
equations of motion for a typical model are presented.
Furthermore, the PSM field equations are analyzed in detail, leading
to the so called ”symplectic extension”. Thereby, the Poisson tensor is
extended to become regular by adding new coordinates to the target space.
For gravity models this is achieved with one additional coordinate.
Finally, the relation of the gPSM to the superfield method is established
by extending the base manifold to become a supermanifold.
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Chapter 1
Introduction
The study of diffeomorphism invariant theories in 1 + 1 dimensions has
for quite some time been a fertile ground for acquiring some insight into
the unsolved problems of quantum gravity in higher dimensions. Indeed,
the whole field of spherically symmetric gravity belongs to this class, from
d-dimensional Einstein theory to extended theories like the Jordan-Brans-
Dicke theory [1–5] or ‘quintessence’ [6–11] which may now seem to obtain
observational support [12–17]. Also, equivalent formulations for 4d Einstein
theory with nonvanishing torsion (‘teleparallelism’ [18–29]) and alternative
theories including curvature and torsion [30] are receiving increasing atten-
tion.
On the other hand, supersymmetric extensions of gravity [31–35] are be-
lieved to be a necessary ingredient for a consistent solution of the problem
of quantizing gravity, especially within the framework of string/brane the-
ory [36–38]. These extensions so far are based upon bosonic theories with
vanishing torsion.
Despite the fact that so far no tangible direct evidence for supersymme-
try has been discovered in nature, supersymmetry [39–42] managed to retain
continual interest within the aim to arrive at a fundamental ‘theory of ev-
erything’ ever since its discovery: first in supergravity [31–35] in d = 4, then
in generalizations to higher dimensions of higher N [43], and finally incorpo-
rated as a low energy limit of superstrings [44] or of even more fundamental
theories [45] in 11 dimensions.
Even before the advent of strings and superstrings the importance of
studies in 1+1 ‘spacetime’ had been emphasized [46] in connection with the
study of possible superspace formulations [47]. To the best of our knowledge,
however, to this day no attempt has been made to generalize the supergrav-
ity formulation of (trivial) Einstein-gravity in d = 2 to the consideration
of two-dimensional (1, 1) supermanifolds for which the condition of vanish-
ing (bosonic) torsion is removed. Only attempts to formulate theories with
higher powers of curvature (at vanishing torsion) seem to exist [48]. There
1
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seem to be only very few exact solutions of supergravity in d = 4 as well
[49–53].
Especially at times when the number of arguments in favour of the ex-
istence of an, as yet undiscovered, fundamental theory increase [43] it may
seem appropriate to also exploit—if possible—all (super-)geometrical gener-
alizations of the two-dimensional stringy world sheet. Actually, such an un-
dertaking can be (and indeed is) successful, as suggested by the recent much
improved insight, attained for all (non-supersymmetric) two-dimensional dif-
feomorphism invariant theories, including dilaton theory, and also compris-
ing torsion besides curvature [54, 55] in the most general manner [56–63]. In
the absence of matter-fields (non-geometrical degrees of freedom) all these
models are integrable at the classical level and admit the analysis of all
global solutions [64, 65, 59–61]. Integrability of two-dimensional gravity
coupled to chiral fermions was demonstrated in [66–68]. Even the general
aspects of quantization of any such theory now seem to be well understood
[58, 69–71, 56, 57]. By contrast, in the presence of matter and if singularities
like black holes occur in such models, integrable solutions are known only
for very few cases. These include interactions with fermions of one chirality
[66] and, if scalar fields are present, only the dilaton black hole [72–75] and
models which have asymptotical Rindler behaviour [76]. Therefore, a super-
symmetric extension of the matterless case suggests that the solvability may
carry over, in general. Then ‘matter’ could be represented by superpartners
of the geometric bosonic field variables.
In view of this situation it seems surprising that the following problem
has not been solved so far:
Given a general geometric action of pure gravity in two spacetime di-
mensions of the form (cf. [77–79] and references therein)
Lgr =
∫
d2x
√−gF (R, τ2), (1.1)
what are its possible supersymmetric generalizations?
In two dimensions there are only two algebraic-geometric invariants of
curvature and torsion, denoted by R and τ2, respectively, and F is some
sufficiently well-behaved function of these invariants. For the case that F
does not depend on its second argument, R is understood to be the Ricci
scalar of the torsion-free Levi-Civita connection.
As a prototype of a theory with dynamical torsion we may consider
the specification of (1.1) to the Katanaev-Volovich (KV) model [54, 55],
quadratic in curvature and torsion. Even for this relatively simple particular
case of (1.1), a supergravity generalization has not been presented to this
day.
The bosonic theory (1.1) may be reformulated as a first order gravity ac-
tion (FOG) by introducing auxiliary fields φ and Xa (the standard momenta
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in a Hamiltonian reformulation of the model; cf. [56, 57] for particular cases
and [79] for the general discussion)
LFOG =
∫
M
φdω +XaDe
a + ǫv(φ, Y ) (1.2)
where Y = X2/2 ≡ XaXa/2 and v is some two-argument function of the
indicated variables. In (1.2) ea is the zweibein and ωab = ωǫab the Lorentz
or spin connection, both 1-form valued, and ǫ = 12e
a ∧ ebǫba = ed2x is
the two-dimensional volume form (e = det(em
a)). The torsion 2-form is
Dea = dea + eb ∧ ωǫba.
The function v(φ, Y ) is the Legendre transform [79] of F (R, τ2) with
respect to the three arguments R and τa, or, if F depends on the Levi-
Civita curvature R only, with respect to this single variable (v depending
only on φ then). In view of its close relation to the corresponding quantity
in generalized dilaton theories which we recall below, we shall call φ the
‘dilaton’ also within the action (1.2).1 The equivalence between (1.1) and
the action (1.2) holds at a global level, if there is a globally well-defined
Legendre transform of F . Prototypes are provided by quadratic actions, i.e.
R2-gravity and the model of [54, 55]. Otherwise, in the generic case one
still has local (patchwise) equivalence. Only theories for which v or F do
not have a Legendre transform even locally, are not at all covered by the
respective other formulation. In any case, as far as the supersymmetrization
of 2d gravity theories is concerned, we will henceforth focus on the family
of actions given by (1.2).
The FOG formulation (1.2) also covers general dilaton theories in two
dimensions [59–61, 80–84] (R˜ is the torsion free curvature scalar),
Ldil =
∫
d2x
√−g
[
R˜
2
φ− 1
2
Z(φ)(∂nφ)(∂nφ) + V (φ)
]
. (1.3)
Indeed, by eliminating Xa and the torsion-dependent part of ω in (1.2) by
their algebraic equations of motion, for regular 2d spacetimes (e =
√−g 6= 0)
the theories (1.3) and (1.2) are locally and globally equivalent if in (1.2) the
‘potential’ is chosen as [62, 63] (cf. also Section 4.5.3 below for some details
as well as [78] for a related approach)
vdil(φ, Y ) = Y Z(φ) + V (φ). (1.4)
There is also an alternative method for describing dilaton gravity by
means of an action of the form (1.2), namely by using the variables ea as a
zweibein for a metric g¯, related to g in (1.3) according to gmn = Ω(φ)g¯mn
for a suitable choice of the function Ω (it is chosen in such a way that after
1In the literature also Φ = − 1
2
ln φ carries this name. This definition is useful when φ
is restricted to R+ only, as it is often the case for specific models.
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transition from the Einstein-Cartan variables in (1.2) and upon elimination
of Xa one is left with an action for g¯ of the form (1.3) with Z¯ = 0, i.e.
without kinetic term for the dilaton, cf. e.g. [80, 82, 85]).2 This formulation
has the advantage that the resulting potential v depends on φ only. It has
to be noted, however, that due to a possibly singular behavior of Ω (or 1/Ω)
the global structures of the resulting spacetimes (maximally extended with
respect to g¯ versus g) in part are quite different. Moreover, the change
of variables in a path integral corresponding to the ‘torsion’ description
of dilaton theories (Y -dependent potential (1.4)) seems advantageous over
the one in the ‘conformal’ description. In this description even interactions
with (scalar) matter can be included in a systematic perturbation theory,
starting from the (trivially) exact path integral for the geometric part (1.2)
[71, 86, 87]. Therefore when describing dilaton theories within the present
thesis we will primarily focus on potentials (1.3), linear in Y .
In any case there is thus a huge number of 2d gravity theories included in
the present framework. We select only a few for illustrative purposes. One
of these is spherically reduced Einstein gravity (SRG) from d dimensions
[88–91]
ZSRG = − d− 3
(d− 2)φ, VSRG = −λ
2φ
d−4
d−2 , (1.5)
where λ is some constant. In the ‘conformal approach’ mentioned above the
respective potentials become
ZSRG = 0, VSRG = −
λ2
φ
1
d−2
. (1.6)
The KV-model, already referred to above, results upon
ZKV = α, VKV =
β
2
φ2 − Λ, (1.7)
where Λ, α and β are constant. Two other particular examples are the so-
called Jackiw-Teitelboim (JT) model [92–96] with vanishing torsion in (1.2)
and no kinetic term of φ in (1.3),
ZJT = 0, VJT = −Λφ, (1.8)
and the string inspired dilaton black hole (DBH) [72–74] (cf. also [75, 97–
104])
ZDBH = − 1
φ
, VDBH = −λ2φ, (1.9)
2Some details on the two approaches to general dilaton gravity may also be found in
[79].
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which, incidentally, may also be interpreted as the formal limit d → ∞ of
(1.5).
For later purposes it will be crucial that (1.2) may be formulated as a
Poisson Sigma Model (PSM) [57, 59, 105, 106] (cf. also [107–111]). Collect-
ing zero form and one-form fields within (1.2) as
(Xi) := (φ,Xa), (Ai) = (dx
mAmi(x)) := (ω, ea), (1.10)
and after a partial integration, the action (1.2) may be rewritten identically
as
LPSM =
∫
M
dXi ∧Ai + 1
2
PijAj ∧Ai, (1.11)
where the matrix Pij may be read off by direct comparison. The basic
observation in this framework is that this matrix defines a Poisson bracket on
the space spanned by coordinates Xi, which is then identified with the target
space of a Sigma Model. In the present context this bracket {Xi,Xj} := Pij
has the form
{Xa, φ} = Xbǫba, (1.12)
{Xa,Xb} = v(φ, Y )ǫab, (1.13)
where (throughout this thesis) Y ≡ 12XaXa. This bracket may be verified
to obey the Jacobi identity.
The gravitational origin of the underlying model is reflected by the first
set of brackets: It shows that φ is the generator of Lorentz transformations
(with respect to the bracket) on the target space R3. The form of the
second set of brackets is already completely determined by the following:
Antisymmetry of the bracket leads to proportionality to the ǫ-tensor, while
the Jacobi identity for the bracket requires v to be a function of the Lorentz
invariant quantities φ and X2 only.
Inspection of the local symmetries of a general PSM,
δXi = Pijǫj , δAi = −dǫi − (∂iPjk)ǫkAj , (1.14)
shows that the Lorentz symmetry of the bracket gives rise to the local
Lorentz symmetry of the gravity action (1.2) (specialization of (1.14) to
an ǫ with only nonzero φ component, using the identification (1.10)). On
the other hand, the second necessary ingredient for the construction of a
gravity action, diffeomorphism invariance, is automatically respected by an
action of the form (1.11). (It may be seen that the diffeomorphism invari-
ance is also encoded on-shell by the remaining two local symmetries (1.14),
cf. e.g. [59, 112]).
PSMs relevant for 2d gravity theories (without further gauge field in-
teractions) possess one ‘Casimir function’ c(X) which is characterized by
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the vanishing of the Poisson brackets {Xi, c}. Different constant values of
c characterize symplectic leaves [113, 114]. In the language of gravity the-
ories, for models with asymptotic Minkowski behavior, c is proportional to
the ADM mass of the system.3
To summarize, the gravity models (1.11), and thus implicitly also any
action of the form (1.2) and hence generically of (1.1), may be obtained
from the construction of a Lorentz invariant bracket on the two-dimensional
Minkowski space R2 spanned by Xa, with φ entering as an additional pa-
rameter.4 The resulting bracket as well as the corresponding models are
seen to be parametrized by one two-argument function v in the above way.
The Einstein-Cartan formulation of 2d gravities as in (1.2) or, even more
so, in the PSM form (1.11) will turn out to be particularly convenient for
obtaining the most general supergravities in d = 2. While the metrical
formulation of gravity due to Einstein in d = 4 appeared very cumbersome
for a supersymmetric generalization, the Einstein-Cartan approach appeared
to be best suited for the needs of introducing additional fermionic degrees
of freedom to pure gravity [31–35].
We now briefly digress to the corresponding strategy of constructing
a supersymmetric extension of a gravity theory in a spacetime of general
dimension d. By adding to the vielbein em
a and the Lorentz connection
ωma
b appropriate terms containing a fermionic spin-vector ψm
α, the Rarita-
Schwinger field, an action invariant under local supersymmetry can be con-
structed, where ψm
α plays the role of the gauge field for that symmetry. In
this formulation the generic local infinitesimal supersymmetry transforma-
tions are of the form
δem
a = −2i(ǫγaψm), δψmα = −Dmǫα + · · · (1.15)
with ǫ = ǫ(x) arbitrary.
In the course of time various methods were developed to make the
construction of supergravity actions more systematical. One of these ap-
proaches, relying on superfields [117–122], extends the Einstein-Cartan for-
malism by adding anticommuting coordinates to the spacetime manifold,
thus making it a supermanifold, and, simultaneously, by enlarging the struc-
ture group with a spinorial representation of the Lorentz group. This method
adds many auxiliary fields to the theory, which can be eliminated by choosing
3We remark that an analogous conservation law may be established also in the presence
of additional matter fields [115, 116].
4Actually, this point of view was already used in [57] so as to arrive at (1.11), but with-
out fully realizing the relation to (1.1) at that time. Let us remark on this occasion that
in principle one might also consider theories (1.11) with Xa replaced e.g. by Xa ·f(φ,X2).
For a nonvanishing function f this again yields a PSM after a suitable reparametriza-
tion of the target space. Also, the identification of the gauge fields Ai in (1.10) could be
modified in a similar manner. Hence we do not have to cover this possibility explicitly
in what follows. Nevertheless, it could be advantageous to derive by this means a more
complicated gravity model from a simpler PSM structure.
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appropriate constraints on supertorsion and supercurvature and by choosing
a Wess-Zumino type gauge. It will be the approach used in the first part of
this thesis (Chapter 2).
The other systematic approach to construct supergravity models for gen-
eral d is based on the similarity of gravity to a gauge theory. The vielbein
and the Lorentz-connection are treated as gauge fields on a similar foot-
ing as gauge fields of possibly additional gauge groups. Curvature and
torsion appear as particular components of the total field strength.5 By
adding fermionic symmetries to the gravity gauge group, usually taken as
the Poincare´, de Sitter or conformal group, one obtains the corresponding
supergravity theories [124].
In the two-dimensional case, the supergravity multiplet was first con-
structed using the superfield approach [46]. Based on that formalism, it was
straightforward to formulate a supersymmetric generalization of the dilaton
theory (1.3), cf. [125]. Before that the supersymmetric generalization of the
particular case of the Jackiw-Teitelboim or de Sitter model [92–96] had been
achieved within this framework in [126]. Up to global issues, this solved im-
plicitly also the problem of a supersymmetrization of the theories (1.1) in
the torsion-free case.
Still, the supergravity multiplet obtained from the set of constraints used
in [46] consists of the vielbein, the Rarita-Schwinger field and an auxiliary
scalar field, but the Lorentz-connection is lost as independent field. It is ex-
pressed in terms of the vielbein and the Rarita-Schwinger field. Without a
formalism using an independent Lorentz-connection the construction of su-
persymmetric versions of general theories of the F (R, τ2)-type is impossible.
A straightforward approach consists of a repetition of the calculation of [46]
while relaxing the original superspace constraints to allow for a nonvanishing
bosonic torsion.
As in higher dimensional theories, the gauge theoretic approach pro-
vides a much simpler method for supersymmetrization than the superfield
approach. However, it is restricted to relatively simple Lagrangians such as
the one of the Jackiw-Teitelboim model (1.8) [127, 128]. The generic model
(1.2) or also (1.3) cannot be treated in this manner.
On the other hand, first attempts showed that super dilaton theories may
fit into the framework of ‘nonlinear’ supergauge theories [129, 130], and the
action for a super dilaton theory was obtained (without superfields) by a
nonlinear deformation of the graded de Sitter group using free differential
algebras in [131].
Recently, it turned out [132] (but cf. also [129, 130]) that the framework
of PSMs [57, 105, 106], now with a graded target space, represents a very
5Note that nevertheless standard gravity theories cannot be just reformulated as YM
gauge theories with all symmetries being incorporated in a principle fiber bundle descrip-
tion; one still has to deal with the infinite-dimensional diffeomorphism group (cf. also [123]
for an illustration).
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direct formalism to deal with super dilaton theories. In particular, it al-
lowed for a simple derivation of the general solution of the corresponding
field equations, and in this process yielded the somewhat surprising result
that, in the absence of additional matter fields, the supersymmetrization of
the dilaton theories (1.3) is on-shell trivial. By this we mean that, up to the
choice of a gauge, in the general solution to the field equations all fermionic
fields can be made to vanish identically by an appropriate choice of gauge
while the bosonic fields satisfy the field equations of the purely bosonic the-
ory and are still subject to the symmetries of the latter. This local on-shell
triviality of the supersymmetric extension may be interpreted superficially
to be yet another consequence of the fact that, from the Hamiltonian point of
view, the ‘dynamics’ of (1.11) is described by just one variable (the Casimir
function) which does not change when fermionic fields are added. This type
of triviality will cease to prevail in the case of additional matter fields (as
is already obvious from a simple counting of the fields and local symmetries
involved). Furthermore, the supersymmetrization may be used [125] as a
technical device to prove positive energy theorems for supersymmetric and
non-supersymmetric dilaton theories. Thus, the (local) on-shell triviality of
pure 2d supergravity theories by no means implicitly demolishes all the pos-
sible interest in their supersymmetric generalizations. This applies similarly
to the F (R, τ2)-theories and to the FOG formulation (1.2) in which we are
primarily interested.
Graded PSMs (gPSMs) turn out also to provide a unifying and most
efficient framework for the construction of supersymmetric extensions of a
two-dimensional gravity theory, at least as far as theories of the initially
mentioned type (1.1) are considered. This route, sketched already briefly in
[132], will be followed in detail within the present thesis.
The main idea of this approach will be outlined in Section 4.1.1. It will
be seen that within this framework the problem for a supersymmetric ex-
tension of a gravity theory (1.1) is reduced to a finite dimensional problem:
Given a Lorentz invariant Poisson bracket on a two-dimensional Minkowski
space (which in addition depends also on the ‘dilaton’ or, equivalently, on
the generator of Lorentz transformations φ), one has to extend this bracket
consistently and in a Lorentz covariant manner to the corresponding super-
space.
In spirit this is closely related to the analogous extension of Lie alge-
bras to superalgebras [133–136]. In fact, in the particular case of a linear
dependence of v in (1.13) the original Poisson bracket corresponds to a three-
dimensional Lie algebra, and likewise any linear extension of this Poisson
algebra corresponds to a superalgebra. Here we are dealing with general
nonlinear Poisson algebras, particular cases of which can be interpreted as
finiteW -algebras (cf. [137]). Due to that nonlinearity the analysis necessary
for the fermionic extension is much more involved and there is a higher am-
biguity in the extension (except if one considers this only modulo arbitrary
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(super)diffeomorphisms). Therefore we mainly focus on an N = 1 extension
within this thesis.
Section 2.1 is devoted to the general definitions of superspace used in
our present work. A decomposition of the supervielbein useful for solving
the supergravity constraints is presented in Section 2.2. In Section 2.3 the
supergravity model of Howe [46] is given. The new supergravity constraints
for a supergravity model in terms of superfields with independent Lorentz
connection are derived in Section 2.4 and the constraints are solved in Sec-
tion 2.5.
In Chapter 3 the PSM approach is presented for the bosonic case. Beside
the known parts (Section 3.1 and 3.2) we present a general method to solve
the PSM field equations (Section 3.3). We also show a new ‘symplectic
extension’ (Section 3.4–3.6).
After recapitulating some material on gPSMs in Section 4.1.2 and also
setting our notation and conventions, the solution of the φ-components of the
Jacobi identities is given in Section 4.2.1 simply by writing down the most
general Lorentz covariant ansatz for the Poisson tensor. In Section 4.2.2 the
remaining Jacobi identities are solved in full generality for nondegenerate
and degenerate N = 1 fermionic extensions.
The observation that a large degree of arbitrariness is present in these
extensions is underlined also by the study of target space diffeomorphisms
in Section 4.3. We also point out the advantages of this method in the quest
for new algebras and corresponding gravity theories.
In Section 4.4 we shall consider particular examples of the general result.
This turns out to be superior to performing a general abstract discussion
of the results of Section 4.2. The more so, because fermionic extensions of
specific bosonic 2d gravity theories, which have been discussed already in the
literature, can be investigated. Supersymmetric extensions of the KV-model
(1.7) as compared to SRG (1.5) will serve for illustrative purposes.
The corresponding actions and their relation to the initial problem (1.1)
are given in Section 4.6. Also the general relation to the supersymmetric
dilatonic theories (1.3) will be made explicit using the results of Section 4.5.
Several different supersymmetrizations (one of which is even parity violat-
ing) for the example of SRG are compared to the one provided previously
in the literature [125]. For each model the corresponding supersymmetry is
given explicitly.
In Section 4.7 the explicit solution for a supergravity theory with the
bosonic part corresponding to vdil in (1.4) is given.
In Chapter 5 we discuss the relations between the superfield approach of
Chapter 2 and the gPSM supergravity theories of Chapter 4.
In the final Chapter 6 we will summarize our findings and comment on
possible further investigations.
Appendix A and B define notations and summarize useful identities.
Chapter 2
Supergravity with
Superfields
Supergravity can be formulated in superspace, where the two-dimensional x-
space of pure gravity is enlarged by fermionic (anticommutative) θ-variables.
On this underlying superspace a gravity theory comprising Einstein-Cartan
variables EM
A(x, θ) and ΩMA
B(x, θ) is established. The basic properties of
supergeometry are given in Section 2.1. As target space group the direct
sum of a vector and a spinor representation of the Lorentz group is chosen
(cf. (2.35) and (2.36) below). In order to reduce the large number of compo-
nent fields, the coefficients in the θ-expansion of the superfields, constraints
in superspace are imposed. The choice of the supergravity constraints is
a novel one. We start with the original constraints of the N = 1 super-
gravity model of Howe [46], shortly reviewed in Section 2.3, but in order to
retain an independent Lorentz connection ωm(x) these constraints have to
be modified. A short derivation leading to the new constraints is given in
Section 2.4. Then, in Section 2.5, the new supergravity model based on the
new set of constraints is investigated. The solution in terms of superfields
as well as the component field expansion in a Wess-Zumino type gauge are
given. It turns out that the more general new supergravity model contains
in addition to the well-known supergravity multiplet {ema, ψmα, A}, where
em
a is the zweibein, ψm
α the Rarita-Schwinger field and A the auxiliary
field, a new connection multiplet {ka, ϕmα, ωm} consisting of a vector field
ka, a further spin-vector ϕm
α and the Lorentz connection ωm.
2.1 Supergeometry
Although the formulae of supergeometry often look quite similar to the ones
of pure bosonic geometry, some attention has to be devoted to a convenient
definition e.g. of the signs. The difference to ordinary gravity becomes ob-
vious when Einstein-Cartan variables are extended to superspace. As the
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Chapter 2. Supergravity with Superfields 11
structure group a direct product of a vector and a spinor representation
of the Lorentz group is needed. This leads to a rich structure for super-
torsion and supercurvature components and for the corresponding Bianchi
identities.
2.1.1 Superfields
In d = 2 we consider a superspace with two commuting (bosonic) and two
anticommuting (Grassmann or spinor) coordinates zM = {xm, θµ} where
lower case Latin (m = 0, 1) and Greek indices (µ = 1, 2) denote commuting
and anticommuting coordinates, respectively:
zMzN = zNzM (−1)MN . (2.1)
Within our conventions for Majorana spinors (cf. Appendix B) the first
anticommuting element of the Grassmann algebra is supposed to be real,
(θ+)∗ = θ+, while the second one is purely imaginary, (θ−)∗ = −θ− (cf.
Appendix B).
Our construction is based on differential geometry of superspace. We
shall not deal with subtle mathematical definitions [120, 121]. We just set
our basic conventions.
In superspace right and left derivatives have to be distinguished. The
relation between the partial derivatives
→
∂M ≡
→
∂
∂zM
,
←
∂M ≡
←
∂
∂zM
, (2.2)
which act to right and to the left, respectively, becomes
→
∂Mf = f
←
∂M (−1)M(f+1), (2.3)
where in the exponent M and f are 1 for anticommuting quantities and 0
otherwise. For our purpose it is sufficient to follow one simple working rule
allowing to generalize ordinary formulae of differential geometry to super-
space. Any vectorfield in superspace
→
V = VM
→
∂M (2.4)
is invariant under arbitrary nondegenerate coordinate changes zM → z¯M (z):
V M
→
∂M = V¯
M
→
∂ zL
∂z¯M
→
∂ z¯N
∂zL
→
∂ N¯ (2.5)
Summation over repeated indices is assumed, and derivatives are always
supposed to act to the right from now. So we drop the arrows in the sequel.
From (2.5) follows our simple basic rule: Any formula of differential geom-
etry in ordinary space can be taken over to superspace if the summation is
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always performed from the upper left corner to the lower right one with no
indices in between (‘ten to four’), and the order of the indices in each term
of the expression must be the same. Otherwise an appropriate factor (−1)
must be included.
The components of differential superforms of degree p are defined by
Φ =
1
p!
dzMp ∧ · · · ∧ dzM1ΦM1···Mp (2.6)
and the exterior derivative by
dΦ =
1
p!
dzMp ∧ · · · ∧ dzM1 ∧ dzN∂NΦM1···Mp . (2.7)
A simple calculation shows that as a consequence of the Leibniz rule for the
partial derivative and of (2.7) the rule of the exterior differential acting on
a product of a q-superform Ψ and a p-superform Φ becomes
d(Ψ ∧ Φ) = Ψ ∧ dΦ+ (−1)pdΨ ∧ Φ. (2.8)
Thus we arrive at the simple prescription that d effectively acts from the
right. This should not be confused with the partial derivative in our con-
vention acting to the right.
Each superfield S(x, θ) can be expanded in the anticommutative variable
(θ-expansion)
S(x, θ) = s(x) + θλsλ(x) +
1
2
θ2s2(x), (2.9)
so that the coefficients s, sλ and s2 are functions of the commutative variable
xm only. For the zeroth order in θ the shorthand S| = s is utilized. If s is
invertible, then
S−1 =
1
s
− 1
s2
θλsλ − 1
2
θ2
(
1
s3
sλsλ +
1
s2
s2
)
(2.10)
is the inverse of the superfield S.
For a matrix-valued superfield
A = a+ θλaλ +
1
2
θ2a2, (2.11)
where the coefficients a, aλ and a2 are matrices of equal dimensions, a
−1
exists and A has definite parity p(A) = p(a) = p(aλ)+1 = p(a2), the inverse
reads
A−1 = a−1 − a−1(θλaλ)a−1 − 1
2
θ2 (a−1aλa−1aλa−1 + a−1a2a−1). (2.12)
The Taylor expansion in terms of the θ-variables of a function V (S),
where S is of the form (2.9), is given by
V (S) = V (s) + θλsλV
′(s) +
1
2
θ2
[
s2V
′(s)− 1
2
sλsλV
′′(s)
]
. (2.13)
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2.1.2 Superspace Metric
The invariant interval reads
ds2 = dzM⊗ dzNGNM = dzM⊗ dzNGMN (−1)MN , (2.14)
where GMN is the superspace metric. This metric can be used to lower
indices of a vector field,
VM = V
NGNM = GMNV
N (−1)N . (2.15)
The generalization to an arbitrary tensor is obvious. Defining the inverse
metric according to the rule
VM = GMNVN = VNG
NM (−1)N , (2.16)
and demanding that sequential lowering and raising indices shall be the
identical operation yields the main property of the inverse metric
GMNGNP = δP
M (−1)MP = δPM (−1)M = δPM (−1)P . (2.17)
The last identities follow from the diagonality of the Kronecker symbol
δP
M = δMP . Thus the inverse metric is not an inverse matrix in the usual
sense. From (2.15) the quantity
V 2 = V MVM = VMV
M (−1)M (2.18)
is a scalar, (but e.g. VMV
M is not!).
2.1.3 Linear Superconnection
We assume that our superspace is equipped with a Riemann-Cartan geome-
try that is with a metric and with a metrical connection ΓMN
P . The latter
defines the covariant derivative of a tensor field. Covariant derivatives of a
vector V N and covector VN read as
∇MV N = ∂MV N + V PΓMPN (−1)PM , (2.19)
∇MVN = ∂MVN − ΓMNPVP . (2.20)
The metricity condition for the metric is
∇MGNP = ∂MGNP − ΓMNRGRP − ΓMPRGRN (−1)NP = 0. (2.21)
The action of an (anti)commutator of covariant derivatives,
[∇M ,∇N} = ∇M∇N −∇N∇M (−1)MN (2.22)
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on a vector field (2.15),
[∇M ,∇N}VP = −RMNPRVR − TMNR∇RVP , (2.23)
is defined in terms of curvature and torsion:
RMNP
R = ∂MΓNP
R − ΓMPSΓNSR(−1)N(S+P ) − (M ↔ N)(−1)MN ,
(2.24)
TMN
R = ΓMN
R − ΓNMR(−1)MN (2.25)
2.1.4 Einstein-Cartan Variables
In our construction we use Cartan variables: the superspace vierbein EM
A
and the superconnection ΩMA
B . Capital Latin indices from the beginning
of the alphabet (A = a, α) transform under the Lorentz group as a vector
(a = 0, 1) and spinor (α = 1, 2), respectively. Cartan variables are defined
by
GMN = EM
AEN
BηBA(−1)AN , (2.26)
and the metricity condition is
∇MENA = ∂MENA − ΓMNPEPA + ENBΩMBA(−1)M(B+N) = 0. (2.27)
Raising and lowering of the anholonomic indices (A,B, . . . ) is performed by
the superspace Minkowski metric
ηAB =
(
ηab 0
0 ǫαβ
)
, ηAB =
(
ηab 0
0 ǫαβ
)
, (2.28)
consisting of the two-dimensional Minkowskian metric ηab = η
ab = diag(+−)
and ǫαβ , the antisymmetric (Levi-Civita) tensor defined in Appendix B. The
Minkowski metric and its inverse (2.28) in superspace obey
ηAB = ηBA(−1)A, ηABηBC = δCA(−1)A. (2.29)
The metric (2.28) is invariant under the Lorentz group acting on tensor
indices from the beginning of the alphabet. In fact (2.28) is not unique in
this respect because ǫαβ may be multiplied by an arbitrary nonzero factor.
This may represent a freedom to generalize our present approach. In fact,
in order to have a correct dimension of all terms in the line element of
superspace, that factor should carry the dimension of length. A specific
choice for it presents a freedom in approaches to supersymmetry. In the
following this factor will be suppressed. Therefore any apparent differences
in dimensions between terms below are not relevant.
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The transformation of anholonomic indices (A,B, . . . ) into holonomic
ones (M,N, . . . ) and vice versa is performed using the supervierbein and its
inverse EA
M defined as
EA
MEM
B = δA
B, EM
AEA
N = δM
N . (2.30)
To calculate the superdeterminant parts of the supervielbein and its
inverse are needed:
sdet(EM
A) = det(Em
a) det(Eα
µ). (2.31)
In the calculations below we have found it extremely convenient to work
directly in the anholonomic basis
∂ˆA := EA
M∂M ,
defined by the inverse supervierbein (for the ordinary zweibein the notation
∂a = ea
m∂m is used).
The anholonomicity coefficients, defined by [∂ˆA, ∂ˆB ] = CAB
C ∂ˆC , or in
terms of differential forms by dEA = −CA, can be calculated from the
supervierbein and its inverse
CAB
C = (EA
N∂NEB
M − (−1)ABEBN∂NEAM )EMC . (2.32)
The metricity condition (2.27) formally establishes a one-to-one corre-
spondence between the metrical connection ΓMN
P and the superconnection
ΩMA
B . Together with (2.21) it implies
∇MηAB = 0 (2.33)
and the symmetry property
ΩMAB +ΩMBA(−1)AB = 0. (2.34)
In general, the superconnection ΩMA
B is not related to Lorentz transfor-
mations alone. The Lorentz connection in superspace must have a specific
form and is defined (in d = 2) by ΩM , a superfield with one vector index,
ΩMA
B = ΩMLA
B , (2.35)
where
LA
B =
(
ǫa
b 0
0 −12γ3αβ
)
(2.36)
contains the Lorentz generators in the bosonic and fermionic sectors. Here
the factor in front of γ3 is fixed by the requirement that under Lorentz
transformations γ-matrices are invariant under simultaneous rotations of
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vector and spinor indices. Definition and properties of γ-matrices are given
in Appendix B. LA
B has the properties
LAB = −LBA(−1)A, LABLBC =
(
δa
c 0
0 14δα
γ
)
, ∇MLAB = 0.
(2.37)
The superconnection ΩMA
B in the form (2.35) is very restricted because
the original 32 independent superfield components for the Lorentz super-
connection reduce to 4. As a consequence, (2.27) with (2.35) also entails
restrictions on the metric connection ΓMN
P .
In terms of the connection (2.35) covariant derivatives of a Lorentz su-
pervector read
∇MV A = ∂MV A +ΩMV BLBA, (2.38)
∇MVA = ∂MVA − ΩMLABVB . (2.39)
2.1.5 Supercurvature and Supertorsion
The (anti)commutator of covariant derivatives,
[∇M ,∇N}VA = −RMNABVB − TMNP∇PVA, (2.40)
is defined by the same expressions for curvature and torsion as given by
(2.24) and (2.25), which in Cartan variables become
RMNA
B = ∂MΩNA
B − ΩMACΩNCB(−1)N(A+C) − (M ↔ N)(−1)MN ,
(2.41)
TMN
A = ∂MEN
A + EN
BΩMB
A(−1)M(B+N) − (M ↔ N)(−1)MN .
(2.42)
In the anholonomic basis (2.42) turns into
TAB
C = −CABC +ΩALBC − (−1)ABΩBLAC , (2.43)
which due to the special form of the Lorentz connection (2.35) yields for the
various components
Tαβ
γ = −Cαβγ − 1
2
Ωαγ
3
β
γ − 1
2
Ωβγ
3
α
γ , (2.44)
Tαβ
c = −Cαβc, (2.45)
Taβ
γ = −Caβγ − 1
2
Ωaγ
3
β
γ , (2.46)
Tαb
c = −Cαbc +Ωαǫbc, (2.47)
Tab
γ = −Cabγ , (2.48)
Tab
c = −Cabc +Ωaǫbc − Ωbǫac. (2.49)
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In terms of the Lorentz connection (2.35) the curvature does not contain
quadratic terms
RMNA
B =
(
∂MΩN − ∂NΩM (−1)MN
)
LA
B = FMNLA
B , (2.50)
where FAB can be calculated in the anholonomic basis by the formulae
FAB = ∂ˆAΩB − (−1)AB ∂ˆBΩA − CABCΩC , (2.51)
= ∇AΩB − (−1)AB∇BΩA + TABCΩC . (2.52)
Ricci tensor and scalar curvature of the manifold are
RAB = RCAB
C(−1)C(A+B+C) = LBCFCA(−1)AB , (2.53)
R = RA
A(−1)A = LABFBA. (2.54)
2.1.6 Bianchi Identities
The first Bianchi identity DˆTA = EB ∧RBA reads in component form
∆ABC
D = R[ABC]
D, (2.55)
where
∆ABC
D := ∇[ATBC]D + T[AB|ETE|C]D
= ∇ATBCD +∇BTCAD(−1)A(B+C) +∇CTABD(−1)C(A+B)
+ TAB
ETEC
D + TBC
ETEA
D(−1)A(B+C) + TCAETEBD(−1)C(A+B) (2.56)
and
R[ABC]
D = FABLC
D + FBCLA
D(−1)A(B+C) + FCALBD(−1)C(A+B).
(2.57)
Due to the restricted form of the Lorentz connection (2.35) the bosonic and
spinorial parts of R[ABC]
D are given by
R[αβγ]
d = 0, (2.58)
R[αβγ]
δ = −1
2
Fαβγ
3
γ
δ − 1
2
Fβγγ
3
α
δ − 1
2
Fγαγ
3
β
δ, (2.59)
R[αβc]
d = Fαβǫc
d, (2.60)
R[aβγ]
δ = −1
2
Faβγ
3
γ
δ − 1
2
Faγγ
3
β
δ, (2.61)
R[aβc]
d = Faβǫc
d − Fcβǫad, (2.62)
R[abγ]
δ = −1
2
Fabγ
3
γ
δ, (2.63)
R[abc]
d = Fabǫc
d + Fbcǫa
d + Fcaǫb
d, (2.64)
R[abc]
δ = 0. (2.65)
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The second Bianchi identity DˆRA
B = 0, where the various components
are denoted by the symbol ∆ABC ,
∆ABC := ∇[AFBC] + T[AB|DFD|C] (2.66)
= ∇AFBC +∇BFCA(−1)A(B+C) +∇CFAB(−1)C(A+B)
+ TAB
DFDC + TBC
DFDA(−1)A(B+C) + TCADFDB(−1)C(A+B),
(2.67)
is stated in component form
∆ABC = 0. (2.68)
2.2 Decomposition of the Supervielbein
For the solution of the supergravity constraints it will be very useful to
decompose the supervierbein and its inverse in terms of the new superfields
Bm
a, Bµ
α, Φµ
m and Ψm
µ:
EM
A =
(
Bm
a Ψm
νBν
α
Φµ
nBn
a Bµ
α +Φµ
nΨn
νBν
α
)
(2.69)
EA
M =
(
Ba
m +Ba
nΨn
νΦν
m −BanΨnµ
−BανΦνm Bαµ
)
(2.70)
The superfields Ba
m and Bα
µ are the inverse of Bm
a and Bµ
α, respectively:
Ba
mBm
b = δa
b, Bα
µBµ
β = δα
β. (2.71)
To shorten notation the frequently occurring products of Φµ
m and Ψm
µ with
the B-fields are abbreviated by
Φν
a = Φν
mBm
a, Φα
m = Bα
νΦν
m, Φα
a = Bα
νΦν
mBm
a, (2.72)
Ψa
ν = Ba
mΨm
ν , Ψm
α = Ψm
νBν
α, Ψa
α = Ba
mΨm
νBν
α. (2.73)
The superdeterminant of the supervielbein (2.31) expressed in terms of Bm
a
and Bµ
α reads
sdet(EM
A) =
det(Bm
a)
det(Bµα)
. (2.74)
Now the anholonomicity coefficients (2.32) in terms of their decomposi-
tion (2.69) become
Cαβ
c = (Bα
µBβ
ν +Bβ
µBα
ν)(Φµ
l∂lΦν
n − ∂µΦνn)Bnc, (2.75)
Cαβ
γ = (Bα
µBβ
ν +Bβ
µBα
ν)(Φµ
l∂lΦν
n − ∂µΦνn)Ψnγ
+ (Bα
µBβ
ν +Bβ
µBα
ν)(Φµ
l∂lBν
γ − ∂µBνγ), (2.76)
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Caβ
c = −Ψaα(BαµBβν +BβµBαν)(Φµl∂lΦνn − ∂µΦνn)Bnc
−BanBβµ((∂nΦµl)Blc +Φµl∂lBnc − ∂µBnc), (2.77)
Caβ
γ = −Ψaα(BαµBβν +BβµBαν)(Φµl∂lΦνn − ∂µΦνn)Ψnγ
−Ψaα(BαµBβν +BβµBαν)(Φµl∂lBνγ − ∂µBνγ)
−BanBβµ((∂nΦµl)Ψlγ +Φµl∂lΨnγ − ∂µΨnγ + ∂nBµγ), (2.78)
Cab
c = Ψb
βΨa
α(Bα
µBβ
ν +Bβ
µBα
ν)(Φµ
l∂lΦν
n − ∂µΦνn)Bnc
− (BamBbn −BbmBan)Ψmµ((∂nΦµl)Blc +Φµl∂lBnc − ∂µBnc)
+ (Ba
m∂mBb
n −Bbm∂mBan)Bnc, (2.79)
Cab
γ = Ψb
βΨa
α(Bα
µBβ
ν +Bβ
µBα
ν)(Φµ
l∂lΦν
n − ∂µΦνn)Ψnγ
− (BamBbn −BbmBan)Ψmµ((∂nΦµl)Ψlγ +Φµl∂lΨnγ − ∂µΨnγ + ∂nBµγ)
− (BamBbn −BbmBan)(∂mΨnγ). (2.80)
2.3 Supergravity Model of Howe
Our next task is the recalculation of the two-dimensional supergravity model
originally found in [46] and also in [138–141]. It is not our intention to
review the steps of calculation in this section, we merely give a summary of
the results for reference purposes. Details of the calculation can be found
in [141] and in Section 2.5 below, where a more general supergravity model
with torsion is considered.
The original supergravity constraints chosen by Howe were
Tαβ
γ = 0, Tαβ
c = 2iγcαβ, Tab
c = 0. (2.81)
An equivalent set of constraints is
Tαβ
γ = 0, Tαβ
c = 2iγcαβ, γa
βαFαβ = 0, (2.82)
as can be seen when inspecting the Bianchi identities.
2.3.1 Component Fields
The constraints (2.81) are identically fulfilled with the expressions for the
supervielbein and the Lorentz superconnection below. These expression are
obtained using a Wess-Zumino type gauge; details can be found in [141].
We also specify the superfields of the decomposition of the supervielbein
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(2.69), which is needed to solve the supergravity constraints with superfield
methods (cf. Section 2.5.2 below).
As physical x-space variables one obtains the vielbein em
a, the Rarita-
Schwinger field ψm
α and the auxiliary scalar field A. They constitute the
supergravity multiplet {ema, ψmα, A}. Although the multiplet was derived
using Einstein-Cartan variables in superspace, in the residual x-space no
Einstein-Cartan variables were left over. There is no independent Lorentz
connection. As a consequence of the constraints (2.81) it is eliminated by
the condition tab
c = 0, where
tab
c = −cabc + ωaǫbc − ωbǫac − 2i(ψaγcψb), (2.83)
yielding ωa = ω˘a with
ω˘a := ω˜a − iǫbc(ψcγaψb) (2.84)
= ω˜a − 4i(ψγ3λc). (2.85)
Here ω˜a = ǫnm(∂men
a) is the usual torsion free connection of pure bosonic
gravity, and for the second line (B.60) was used. The term quadratic in ψm
α
is necessary to make ω˘a covariant with respect to supersymmetry transfor-
mations i.e. no derivative of the supersymmetry parameter ǫα shows up in
its transformation rule.
A similar argument applies to the derivative of the Rarita-Schwinger
field
σ˘µ := ǫ
mn
(
∂nψmµ +
1
2
ω˘n(γ
3ψm)µ − i
2
A(γnψm)µ
)
, (2.86)
= ǫnmD˘mψnµ + iA(γ
3ψ)µ, (2.87)
which is obviously covariant with respect to Lorentz transformations, and
also with respect to supersymmetry.
We obtain for the supervielbein
Em
a = em
a + 2i(θγaψm) +
1
2
θ2 [Aem
a] , (2.88)
Em
α = ψm
α − 1
2
ω˘m(θγ
3)α +
i
2
A(θγm)
α − 1
2
θ2
[
3
2
Aψm
α + i(σ˘γmγ
3)α
]
,
(2.89)
Eµ
a = i(θγa)µ, (2.90)
Eµ
α = δµ
α +
1
2
θ2
[
−1
2
Aδµ
α
]
, (2.91)
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and for its inverse
Ea
m = ea
m − i(θγmψa) + 1
2
θ2 [−2(ψaλm)] , (2.92)
Ea
µ = −ψaµ + i(θγbψa)ψbµ + 1
2
ω˘a(θγ
3)µ − i
2
A(θγa)
µ
+
1
2
θ2
[
2(ψaλ
b)ψb
µ − i
2
ω˘b(ψaγ
bγ3)µ + i(σ˘γaγ
3)µ
]
, (2.93)
Eα
m = −i(θγm)α + 1
2
θ2 [−2λmα] , (2.94)
Eα
µ = δα
µ + i(θγb)αψb
µ +
1
2
θ2
[
2λbαψb
µ − i
2
ω˘b(γ
bγ3)α
µ − 1
2
Aδα
µ
]
.
(2.95)
The above expressions for the supervielbein are derived from the decom-
position (2.69). The Ba
m superfield and its inverse with the zweibein at
zeroth order read
Ba
m = ea
m − 2i(θγmψa) + 1
2
θ2 [−8(ψaλm)−Aeam] , (2.96)
Bm
a = em
a + 2i(θγaψm) +
1
2
θ2 [Aem
a] . (2.97)
The Bα
µ and its inverse are given by
Bα
µ = δα
µ + i(θγb)αψb
µ +
1
2
θ2
[
2λbαψb
µ − i
2
ω˘b(γ
bγ3)α
µ − 1
2
Aδα
µ
]
,
(2.98)
Bµ
α = δµ
α − i(θγb)µψbα + 1
2
θ2
[
−4λbµψbα + i
2
ω˘b(γ
bγ3)µ
α +
1
2
Aδµ
α
]
.
(2.99)
We note that the lowest order δα
µ is responsible for the promotion of the
coordinates θµ to Lorentz spinors. In the superfield Φµ
m, the first term
inherently carries the superspace structure,
Φµ
m = i(θγm)µ +
1
2
θ2 [4λmµ] , (2.100)
and Ψm
µ, whose zeroth component is the Rarita-Schwinger field, reads
Ψm
µ = ψm
µ + i(θγbψm)ψb
µ − 1
2
ω˘m(θγ
3)µ +
i
2
A(θγm)
µ
+
1
2
θ2
[
2(ψmλ
b)ψb
µ − i
2
ω˘b(ψmγ
bγ3)µ −Aψmµ − i(σ˘γmγ3)µ
]
.
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The equally complicated result for the Lorentz superconnection becomes
Ωa = ω˘a − i(θγbψa)ω˘b +A(θγ3ψa) + 2i(θγaσ˘)
+
1
2
θ2
[
−2(ψaλb)ω˘b + 2iA(ψγ3λa) + 4(ψγaσ˘) + ǫab(∂bA)
]
, (2.102)
Ωα = −i(θγb)αω˘b +A(θγ3)α + 1
2
θ2
[
−2λbαω˘b − 2iA(γ3ψ)α + 4σ˘α
]
,
(2.103)
and also for world indices
Ωm = ω˘m + 2A(θγ
3ψm) + 2i(θγmσ˘)
+
1
2
θ2 [Aω˘m − 4(λmσ˘) + ǫmn(∂nA)] , (2.104)
Ωµ = A(θγ
3)µ. (2.105)
Finally, the superdeterminant can be obtained from (2.31) or (2.74):
E = e
(
1− 2i(θψ) + 1
2
θ2
[
A+ 2ψ2 + λ2
])
(2.106)
The formulae in this section were cross-checked against a computer cal-
culation for which a symbolic computer algebra program was adapted [142].
2.3.2 Symmetry Transformations
Under a superdiffeomorphism δzM = −ξM (z) and a local Lorentz transfor-
mation δV A = V BL(z)LB
A the supervielbein transforms according to
δEM
A = −ξN (∂NEMA)− (∂M ξN )ENA + LEMBLBA. (2.107)
There are 16 + 4 = 20 x-space transformation parameters in the super-
fields ξM(x, θ) and L(x, θ). The 10 + 5 = 15 gauge fixing conditions (2.189)
and (2.190) reduce this number to 5.1 The remaining symmetries are the
x-space diffeomorphism with parameter ηm(x), the local Lorentz transfor-
mation with parameter l(x) and the local supersymmetry parametrized with
ǫα(x). The superfields for x-space diffeomorphism are characterized by
ξm = ηm, ξµ = 0, L = 0, (2.108)
and local Lorentz transformations by
ξm = 0, ξµ = −1
2
l(θγ3)µ, L = l. (2.109)
In addition to the frame rotation L = l there is also a rotation of the coordi-
nate θµ as expressed by the term for ξµ in (2.109). This is a consequence of
1The gauge conditions are indeed the same as the one in Section 2.5.3 below.
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the gauge condition Eµ
α| = δµα (cf. (2.189)) and leads to the identification
of the anticommutative coordinate θµ as a Lorentz spinor. The superfield
transformation parameters of local supersymmetry are a bit more compli-
cated:
ξm = −i(ǫγmθ) + 1
2
θ2 [2(ǫλm)] , (2.110)
ξµ = ǫµ + i(ǫγbθ)ψb
µ +
1
2
θ2
[
−2(ǫλb)ψbµ + i
2
ω˘b(ǫγ
bγ3)µ
]
, (2.111)
L = i(ǫγbθ)ω˘b −A(ǫγ3θ) + 1
2
θ2
[
−2(ǫλb)ω˘b − 2iA(ǫγ3ψ) + 2(ǫσ˘)
]
.
(2.112)
These expressions are derived by θ-expansion of (2.107), and by taking the
gauge conditions (2.189) and (2.190) into account. Details of the calculation
can be found in [141].
Similarly, from (2.107) the transformation laws of the physical x-space
fields
δea
m = 2i(ǫγmψa), δem
a = −2i(ǫγaψm), (2.113)
δψm
µ = −
(
∂mǫ
µ − 1
2
ω˘m(ǫγ
3)µ +
i
2
A(ǫγm)
µ
)
, (2.114)
δA = −2(ǫγ3σ˘) (2.115)
follow. Also the variation of the dependent Lorentz connection ω˘m defined
in (2.84) might be of interest:
δω˘m = −2i(ǫγmσ˘)− 2A(ǫγ3ψm). (2.116)
2.3.3 Supertorsion and Supercurvature
The Bianchi identities (2.55) and (2.68) show that as a consequence of the
supergravity constraints (2.81) all components of supertorsion and super-
curvature depend on only one single superfield S:
Tαβ
c = 2iγcαβ, Tαβ
γ = 0, (2.117)
Tαb
c = 0, Taβ
γ = − i
2
Sγaβ
γ , (2.118)
Tab
c = 0, Tab
γ =
1
2
ǫabγ
3γδ∇δS, (2.119)
and
Fαβ = 2Sγ
3
αβ, (2.120)
Faβ = −i(γaγ3)βγ∇γS, (2.121)
Fab = ǫab
(
S2 − 1
2
∇α∇αS
)
. (2.122)
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Using the component field expansion of supervielbein and supercurvature
stated in Section 2.3.1 one finds
S = A+ 2(θγ3σ˘) +
1
2
θ2
[
ǫmn(∂nω˘m)−A(A+ 2ψ2 + λ2)− 4i(ψγ3σ˘)
]
.
(2.123)
Here ω˘m and σ˘µ are the expressions defined in (2.84) and (2.86).
The superfield S is the only quantity that can be used to build action
functionals invariant with respect to local supersymmetry. A general action
in superspace invariant with respect to superdiffeomorphisms takes the form
L =
∫
d2xd2θ E F (x, θ), (2.124)
where E = sdet(EM
A) is the superdeterminant of the supervielbein and
F (x, θ) is an arbitrary scalar superfield. For an explanation of the Berezin
integration (2.124) we refer to [117–122]. The superspace actions
Ln =
∫
d2xd2θ E Sn (2.125)
constructed with E and S from above (cf. (2.106) and (2.123)) result in
L0 =
∫
d2x e
(
A+ 2ψ2 + λ2
)
, (2.126)
L1 =
∫
d2x
e
2
r˘, (2.127)
L2 =
∫
d2x e
(
Ar˘ + 4σ˘2 −A2(A+ 2ψ2 + λ2)) , (2.128)
where the θ-integration was done, and where r˘ := 2ǫmn(∂nω˘m).
2.4 Lorentz Covariant Supersymmetry
As a preparation for the ‘new’ supergravity in this section we consider a
theory with covariantly constant supersymmetry.
Starting from the supervielbein and superconnection of rigid SUSY we
separate the coordinate space and the tangent space by the introduction
of the zweibein ea
m(x). This makes the theory covariant with respect
to x-space coordinate transformations given by the superspace parame-
ters ξm(x, θ) = ηm(x), ξµ(x, θ) = 0 and L(x, θ) = 0. The local Lorentz
transformation in the tangent space is given by the superspace parameter
L(x, θ) = l(x). The gauge fixing condition Bα
µ| = δαµ shows that this lo-
cal Lorentz transformation is accompanied by a superdiffeomorphism with
parameters ξm(x, θ) = 0 and ξµ(x, θ) = −12 l(x)(θγ3)µ. When one calculates
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the transformations under this local Lorentz boost of the various component
fields of the supervielbein and superconnection one finds that some compo-
nents transform into a derivative of the transformation parameter. In order
to isolate this inhomogeneous term we introduce a connection field ωm(x)
with the Lorentz transformation property δωm = −∂ml. In this way the
superfields listed below are derived:
EM
A =
(
em
a −12ωm(θγ3)α
i(θγa)µ δµ
α
)
(2.129)
EA
M =
(
ea
m 1
2ωa(θγ
3)µ
−i(θγm)α δαµ − i4θ2ωn(γnγ3)αµ
)
(2.130)
Ba
m = ea
m Bm
a = em
a (2.131)
Bα
µ = δα
µ − i
4
θ2ωn(γ
nγ3)α
µ Bµ
α = δµ
α +
i
4
θ2ωn(γ
nγ3)µ
α (2.132)
Φν
n = i(θγn)ν Ψn
ν = −1
2
ωn(θγ
3)ν (2.133)
Ωα = −i ωn(θγn)α Ωa = ωa (2.134)
Ωµ = 0 Ωm = ωm (2.135)
From (2.130) the superspace covariant derivatives ∂ˆA = EA
M∂M , now
also covariant with respect to local Lorentz transformation,
∂ˆα = δα
µ∂µ − i(θγm)α∂m − i
4
θ2ωn(γ
nγ3)α
µ∂µ, (2.136)
∂ˆa = ea
m∂m +
1
2
ωa(θγ
3)µ∂µ (2.137)
are obtained.
The anholonomicity coefficients are derived from (2.32) yielding
Cαβ
c = −2iγcαβ − θ2 τ cγ3αβ , (2.138)
Cαβ
γ =
i
2
ωn(θγ
n)αγ
3
β
γ +
i
2
ωn(θγ
n)βγ
3
α
γ , (2.139)
Caβ
c = i(θγb)β (−cabc + ωaǫbc), (2.140)
Caβ
γ = −1
2
ωaγ
3
β
γ +
i
8
θ2 r γaβ
γ , (2.141)
Cab
c = cab
c, (2.142)
Cab
γ =
1
2
fab(θγ
3)γ . (2.143)
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The calculation of the supertorsion is based upon the formulae (2.43),
Tαβ
c = 2iγcαβ + θ
2 τ cγ3αβ , (2.144)
Tαβ
γ = 0, (2.145)
Taβ
c = −i(θγb)β tabc = +i(θγaγ3)βτ c, (2.146)
Taβ
γ = − i
8
θ2 r γaβ
γ , (2.147)
Tab
c = tab
c, (2.148)
Tab
γ = −1
2
fab(θγ
3)γ , (2.149)
and from (2.52) the supercurvature components
Fαβ =
1
2
θ2 r γ3αβ, (2.150)
Faβ = −ifab(θγb)β = i
2
r(θγaγ
3)β , (2.151)
Fab = fab =
1
2
ǫabr (2.152)
are obtained. For the definition of bosonic torsion and curvature tab
c (or τ c)
and fab (or r) we refer to Appendix A.
The verification of the first and second Bianchi identities can be done by
direct calculation and indeed they do not restrict the connection ωm. The
following remarkable formulae are consequences of the Bianchi identities:
Tab
c = − i
2
γb
βα∇αTaβc Fab = − i
2
γb
βα∇αFaβ (2.153)
Taβ
c =
i
4
(γaγ
3)β
α∇α(γ3δγTγδc) Faβ = i
4
(γaγ
3)β
α∇α(γ3δγFγδ) (2.154)
Tab
c =
1
8
ǫabǫ
βα∇α∇β(γ3δγTγδc) Fab = 1
8
ǫabǫ
βα∇α∇β(γ3δγFγδ)
(2.155)
In this way we get a theory which is covariant with respect to x-space
coordinate transformations and local Lorentz transformations. The model
also has a further symmetry, namely supersymmetry, given by the superfield
parameters ξm(x, θ) = 0, ξµ(x, θ) = ǫµ(x) and L(x, θ) = 0, but the parame-
ter ǫµ(x) must be covariantly constant, ∇mǫµ = 0. The main purpose of the
present section was the derivation of the supertorsion- and supercurvature
components listed above. They are very helpful in finding constraints for the
supergeometry of the most general supergravity, where the x-space torsion
tab
c or curvature fab are not restricted. We will also see that the original
two-dimensional supergravity constraints (2.81) of Howe [46] set the bosonic
torsion to zero from the very beginning, and why our first attempt [141] to
find a supergravity model with independent connection ωm could not have
been but partially successful.
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2.5 New Supergravity
In our generalization we relax the original supergravity constraints (2.81)
in order to obtain an independent bosonic Lorentz connection ωa in the
superfield Einstein-Cartan variables EA
M and ΩA. The first constraint in
(2.81) can be left untouched, but we cannot use the third constraint Tab
c = 0,
because this would lead to tab
c = 0 as can be seen from (2.148). This
observation was the basis of the work in [141], where that third constraint
was omitted, leading to an additional Lorentz connection supermultiplet
Ωa, in which the bosonic Lorentz connection was the zeroth component
of the θ-expansion, ωa = Ωa|. The drawback of that set of supergravity
constraints was the appearance of a second Lorentz connection, dependent
on zweibein and Rarita-Schwinger field. Here we choose γa
βαFαβ = 0 from
the alternative set (2.82). This equalizes the Lorentz connection terms in
Ωa and the other superfields Ea
m and Ωα, but does not force the bosonic
torsion to zero (cf. also (2.150)). Also the second constraint in (2.81) cannot
be maintained. The considerations of the former section showed that this
would again lead to a constraint on the bosonic torsion appearing in the
θ2-component of Tαβ
c (cf. (2.144)), so we have to weaken that condition and
choose the new set of supergravity constraints
Tαβ
γ = 0, γa
βαTαβ
c = −4iδac, γaβαFαβ = 0. (2.156)
The terms proportional to γ3αβ of Tαβ
c and Fαβ are a vector superfield K
c
and a scalar superfield S, defined according to the ansatz
Tαβ
c = 2iγcαβ + 2K
cγ3αβ, Fαβ = 2Sγ
3
αβ . (2.157)
Whereas the scalar superfield S was already present in the original super-
gravity model of Howe where the bosonic curvature r was part of the θ2-
component of S (cf. (2.120) and (2.123)) the vector superfield Kc enters as
a new superfield playing a similar role for the bosonic torsion τ c.
It should be stressed that the superspace constraints do not break the
symmetries of the theory such as superdiffeomorphisms or Lorentz super-
transformations. The constraints merely reduce the number of independent
components of the supervielbein EA
M and the Lorentz superconnection ΩA
as can be seen in Section 2.5.2 below.
2.5.1 Bianchi Identities for New Constraints
The Bianchi identities ∆ABC
D = R[ABC]
D (cf. (2.55)) and ∆ABC = 0 (cf.
(2.68)) are relations between the components of supertorsion and supercur-
vature and their derivatives. In the presence of constraints they can be used
to determine an independent set of superfields from which all components of
supertorsion and supercurvature can be derived. In our case this set turns
out to be formed by the superfields S and Kc of ansatz (2.157).
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The decompositions similar to the one of the Rarita-Schwinger field
(B.48) of Appendix B.2 are very useful for the derivation of the formulae
below. For present needs we employ
Faβ = F
−
aβ − γaβαF+α, (2.158)
Taβ
c = T−aβc − γaβαT+αc, (2.159)
Taβ
γ = T−aβγ − γaβαT+αγ , (2.160)
where F− and T− are γa traceless, e.g. we have γaαβF−aβ = 0 in conformance
with (B.50). Further helpful formulae to derive the results below are again
found in Appendix B.2 in particular the relations (B.62)–(B.69).
The Bianchi identity ∆αβγ = 0 yields, for the parts of Faβ as defined by
(2.158),
F−aβ = 0, ∇αS = −iKαβF+β . (2.161)
Here the superfield operator
Kα
β := γ3α
β + iKaγaα
β (2.162)
was introduced because this particular shift of γ3 by the vector superfield
Ka is encountered frequently. Due to
Kα
βKβ
γ = (1−KaKa) δαγ (2.163)
Kα
β can be inverted if body(KaKa) 6= 1:
K−1αβ = (1−KaKa)−1Kαβ . (2.164)
Therefore, from (2.161)
Faβ = −(γaF+)β , F+α = iK−1αβ∇βS (2.165)
is obtained.
In the same way the Bianchi identity ∆αβγ
d = Rαβγ
d yields for the
separate parts of the decomposition of Taβ
c (cf. (2.159))
T−aβc = 0, ∇αKc = −iKαβT+βc. (2.166)
From ∆αβγ
δ = Rαβγ
δ we get for Taβ
γ in its decomposition (2.160)
T−aβγ = 0, KβαT+αγ =
i
2
Sγ3β
γ . (2.167)
The second equation of (2.167) can be rewritten using a rescaled superfield
S′
S = (1−KaKa)S′, T+αβ = i
2
S′(Kγ3)αβ, (2.168)
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where S′ can be easily calculated from S′ = −iT+αα.
Further relations are derived from the Bianchi identity ∆aβγ = 0. The
symmetrized contraction γ(b
γβ∆a)βγ = 0 yields
ǫβα∇αF+β = (T+aγaF+), (2.169)
and the antisymmetric part γ[b
γβ∆a]βγ = 0 gives
γ3βα∇αF+β = −(T+aγaγ3F+)− 2iS′S + iǫbaFab. (2.170)
The contraction γ3γβ∆aβγ = 0 leads to the same relations (2.169) and
(2.170), but needs more tedious calculations.
Similar formulae are derived from the Bianchi identity ∆αβc
d = R[αβc]
d.
From the symmetrized contraction γ(b|αβ∆αβ|c)d one gets the relation
ǫβα∇αT+βd = (T+aγaT+d) + 2iS′Kaǫad, (2.171)
and from the antisymmetrized contraction γ[b|αβ∆αβ|c]d
γ3βα∇αT+βd = −(T+aγaγ3T+d)− 2iS′Kd + iǫbaTabd. (2.172)
From the Bianchi identity ∆αβc
δ = R[αβc]
δ also an expression for Tab
γ
could be obtained.
Finally we summarize the expressions for the supercurvature and super-
torsion components in terms of the independent and unconstrained super-
fields S and Ka; the latter is also used to build the matrix K and its inverse
K−1 (cf. (2.162) and (2.164)):
Fαβ = 2Sγ
3
αβ , Tαβ
c = 2iγcαβ + 2K
cγ3αβ , (2.173)
Faβ = −i(γaK−1)βα(∇αS), Taβc = −i(γaK−1)βα(∇αKc), (2.174)
Taβ
γ = − i
2
S(γaK
−1γ3)βγ , (2.175)
and the more complicated expressions
1
2
ǫbaFab =
1
2
γ3βα∇α(K−1βγ∇γS)
+
i
2
(K−1γaγ3K−1)βα(∇αKa)(∇βS) + S
2
1−KaKa , (2.176)
1
2
ǫbaTab
c =
1
2
γ3βα∇α(K−1βγ∇γKc)
+
i
2
(K−1γaγ3K−1)βα(∇αKa)(∇βKc) + S
1−KaKaK
c.
(2.177)
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2.5.2 Solution of the Constraints
The solution of the new supergravity constraints (2.156) can be derived
solely with superfield methods. To achieve that goal the formulae for the
supertorsion components (2.44)–(2.49) and for the supercurvature compo-
nents (2.58)–(2.65), in each case consequences of the restricted tangent space
group (2.36), are employed. However, the decomposition of the superviel-
bein in terms of the superfields Bm
a, Ψm
a, Φµ
a and Bµ
α (cf. (2.69)) and
the ensuing formulae for the anholonomicity coefficients (2.75)–(2.80) turn
out to be essential. The method for solving the supergravity constraints in
terms of superfields employed here is similar to the one developed in [140].
We start with the ansatz (2.157) for Tαβ
c. Contraction with γa
βα leads
to the second constraint γa
βαTαβ
c = −4iδac (cf. (2.156)). Looking into the
expression for the supertorsion (2.45) we recognize that the superconnec-
tion drops out there. The remaining anholonomicity coefficient, calculated
according to (2.75), allows to express Ba
n in terms of Bα
µ and Φν
n:
Ba
n = − i
2
γa
βαBα
µBβ
ν
(
Φµ
l∂lΦν
n − ∂µΦνn
)
. (2.178)
The contraction with γ3βα of Tαβ
c (cf. (2.157)) yields Kc = −14γ3βαTαβc.
Again using (2.45) and (2.75) together with Kn := KcBc
n
Kn =
1
2
γ3βαBα
µBβ
ν(Φµ
l∂lΦν
n − ∂µΦνn) (2.179)
is obtained, thus expressing Kn in terms of Bα
µ and Φν
n.
Next we turn to the investigation of the constraint Tαβ
γ = 0. Contracting
(2.44) with γa
βα and γ3βα yields
−γaβαCαβγ +Ωα(γaγ3)αγ = 0, (2.180)
−γ3βαCαβγ +Ωγ = 0. (2.181)
These two equations can be used to eliminate Ψa
ν and Ωα: Indeed, using
formula (2.76) to calculate the anholonomicity coefficients and observing
that parts of that formula are of the form (2.178) and (2.179) we derive
Ψa
ν = − i
2
γa
βαBα
µ
(
Φµ
l∂lBβ
ν − ∂µBβν
)
− i
4
Ωα(γaγ
3)α
βBβ
ν , (2.182)
−4KnΨnγ + 2γ3βαBαµ
(
Φµ
m∂mBβ
λ − ∂µBβλ
)
Bλ
γ +Ωγ = 0. (2.183)
The first equation expresses Ψa
ν in terms of Bα
µ, Φν
n and Ωα, whereas an
appropriate combination of both equations gives
(ΩKγ3)γ = −2KβαBαµ
(
Φµ
l∂lBβ
ν − ∂µBβν
)
Bν
γ , (2.184)
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so that Ωα can be eliminated in favour of Bα
µ, Φν
n and Kc:
Ωδ = −2KβαBαµ
(
Φµ
l∂lBβ
ν − ∂µBβν
)
Bν
γ(γ3K−1)γδ. (2.185)
We recall that Bν
γ is the inverse of Bα
µ defined in (2.71) and that the matrix
Kβ
α and its inverse were given in (2.162) and (2.164).
The third constraint γa
βαFαβ = 0 of (2.156) allows to eliminate the
superconnection component Ωa. Calculating the supercurvature according
to (2.52) the expression
2γa
βα(∇αΩβ) + γaβαTαβγΩγ + γaβαTαβcΩc = 0 (2.186)
is found. Then the constraints on the supertorsion (cf. (2.156)) immediately
lead to
Ωa = − i
2
γa
βα(∇αΩβ) = i
2
γa
βαBα
µ
(
Φµ
l∂lΩβ − ∂µΩβ
)
. (2.187)
This gives a complete solution of the new supergravity constraints (2.156)
in terms of the unconstrained and independent superfields Bα
µ and Φν
n.
Due to the supergravity constraints the superfields Ba
n (2.178) and Ψa
ν
(2.182), member of the supervielbein, as well as the whole superconnec-
tion Ωα (2.185) and Ωa (2.187) were eliminated. The vector superfield K
a
appeared as the special combination (2.179).
2.5.3 Physical Fields and Gauge Fixing
Although the superfield solution given in the previous section looks quite
pleasant, calculating the θ-expansion to recover the physical x-space fields
is cumbersome. Let us have a quick look at the number of components that
remain: The 6+4+2 = 12 superspace constraints (2.156) reduce the original
16+4 = 20 superfields formed by EM
A and ΩM down to 4+4 = 8 superfields
contained in Bα
µ and Φν
n. Thus, the remaining number of x-space fields is
4 × 8 = 32. This is still more than the 4 + 4 + 2 = 10 components of the
zweibein em
a, the Rarita-Schwinger field ψm
α and the Lorentz connection
ωm which we want to accommodate within the superfields.
An additional complication is that the identification of the physical x-
space fields is not made within the independent superfields Bα
µ and Φν
n,
but with respect to the already eliminated superfields to lowest order in θ.
The identification is expected to be
Em
a| = ema, Emα| = ψmα, Ωm| = ωm. (2.188)
Whereas the first two relations will be found to hold, the identification of ωm
in the explicit formulae below will be different. It will be made at first order
in θ of (2.222) leading to the result (2.223) for Ωm. A simple redefinition of
ωm will fix that disagreement.
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In order to reduce the 32 independent x-space fields a Wess-Zumino type
gauge fixing is chosen. It is the same as in the original model of Howe [46].
In particular to zeroth order in θ there are the 4 + 4 + 2 = 10 conditions
Eµ
α| = δµα, Eµa = 0|, Ωµ| = 0 (2.189)
and to first order the 2 + 2 + 1 = 5 conditions
∂[νEµ]
α| = 0, ∂[νEµ]a| = 0, ∂[νΩµ]| = 0, (2.190)
which reduce the number of independent component fields down to 17. A
corresponding reduction also follows for the number of symmetries contained
within superdiffeomorphism and Lorentz supertransformation. The same
considerations as in Section 2.3.2 apply, for a detailed analysis cf. [141].
The remaining 17 degrees of freedom are constituted by the 10 compo-
nents of zweibein, Rarita-Schwinger field and Lorentz connection, and by
additional 7 components consisting of the well-known auxiliary field A and
the newly introduced fields ka and ϕm
α. The identification for ka is
Ka| = ka, (2.191)
the others at the end of the calculation are to be identified with zeroth
components of supertorsion and supercurvature.
2.5.4 Component Fields of New Supergravity
To recover the component fields the superfield expressions (2.178), (2.179),
(2.182), (2.183) and (2.187) have to be worked out order by order in the
anticommutative coordinate θ. For the decomposition of spin-tensors we
refer to Appendix B.2. The reader should especially consult (B.48) where
the decomposition of the Rarita-Schwinger field is given.
In the calculations new Γ-matrices, dependent on the vector field ka (cf.
(2.191)), were encountered frequently:
Γa := γa − ikaγ3, Γ3 := γ3 + ikaγa. (2.192)
Their (anti-)commutator algebra and other properties as well as formulae
used in the calculations can be found in Appendix B.3.
In the θ-expansion some covariant derivatives of x-space fields are en-
countered. These are, respectively, the torsion, the curvature, the covariant
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derivative of the Rarita-Schwinger field
tab
c = −cabc + ωaǫbc − ωbǫac −Akaǫbc +Akbǫac
− 2i(ψaΓcψb)− 4iǫab(ψγ3ϕc), (2.193)
fmn = ∂mωn − ∂nωm − ∂m(Akn) + ∂n(Akm)
− 2(1 − k2)A(ψmγ3ψn)− 4iǫmn(ψγ3Γ3γ3σ)
− 4Aǫmnǫdc(ψγ3Γcϕd) + 4iAǫmn(ψγ3ϕc)kc, (2.194)
σmn
γ = ∂mψn
γ − 1
2
ωm(ψnγ
3)γ − i
2
Aǫm
l(ψnΓlγ
3)γ − (m↔ n), (2.195)
and the covariant derivative of kb
Dakb = ∂akb + ωakcǫcb −Akakcǫcb − 2(ψaΓ3ϕb). (2.196)
They are (obviously) covariant with respect to Lorentz transformations, but
they are also covariant with respect to supersymmetry transformations. For
the Hodge duals τ c = 12ǫ
batab
c and σγ = 12ǫ
nmσmn
γ one obtains (cf. (A.13)
and also (A.17))
τ c = ω˜c − ωc +Akc − iǫba(ψaΓcψb)− 4i(ψγ3ϕc), (2.197)
σγ = ǫnm∂mψn
γ − 1
2
ǫnmωm(ψnγ
3)γ − i
2
A(ψnΓ
nγ3)γ . (2.198)
Here it becomes obvious that the identification of ωm in (2.223) was not the
best choice. This could be fixed by the replacement ωa → ω′a = ωa +Aka.
First we summarize the results for the decomposition superfields of the
supervielbein. For Ba
m and its inverse Bm
a (cf. (2.71)), where the zweibein
ea
m and em
a are the zeroth components, we obtain
Ba
m = ea
m − 2i(θΓmψa)− 2i(θγaϕm)
+
1
2
θ2
[
−ǫab(Dbkc)ecm + kaτm − ωakm −Akakm −Aeam − k2Aeam
]
+
1
2
θ2
[
−4(ψaΓbΓmψb)− 6(ψaϕm)− 4(ψbΓmγaϕb)
]
, (2.199)
Bm
a = em
a + 2i(θΓaψm) + 2i(θγmϕ
a)
+
1
2
θ2
[
ǫm
n(Dnka)− kmτa + ωmka +Akmka +Aema + k2Aema
]
+
1
2
θ2
[
−2(ψmϕa) + 4ikb(ψmγ3γbϕa)− 4(ϕbγmγbϕa)
]
. (2.200)
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The component fields in Bα
µ and its inverse Bµ
α (cf. again (2.71)) are
Bα
µ = δα
µ + i(θΓb)αψb
µ
+
1
2
θ2
[
− i
2
ωb(Γ
bγ3)α
µ − 1
2
A(Γ3γ3)α
µ + (ΓbΓcψb)αψc
µ + 4ϕcαψc
µ
]
,
(2.201)
Bµ
α = δµ
α − i(θΓb)µψbα
+
1
2
θ2
[
i
2
ωb(Γ
bγ3)µ
α +
1
2
A(Γ3γ3)µ
α − 2(ΓbΓcψb)µψcα − 4ϕcµψcα
]
.
(2.202)
The various contractions with Φµ
m (cf. (2.72)) are given by
Φµ
m = i(θΓm)µ +
1
2
θ2
[
4ϕmµ + 2(Γ
bΓmψb)µ
]
, (2.203)
Φµ
a = i(θΓa)µ +
1
2
θ2
[
2ikb(γ3γbϕ
a)µ
]
, (2.204)
Φα
a = i(θΓa)α +
1
2
θ2
[
2ikb(γ3γbϕ
a)α − (ΓbΓaψb)α
]
, (2.205)
Φα
m = i(θΓm)α +
1
2
θ2
[
4ϕmα + (Γ
bΓmψb)α
]
. (2.206)
The superfield Ψm
α with the Rarita-Schwinger ψm
α field at lowest order
and its various contractions (cf. (2.73)) read
Ψm
α = ψm
α − 1
2
ωm(θγ
3)α − i
2
Aǫm
n(θΓnγ
3)α
+
1
2
θ2
[
−3
2
A(ψmΓ
3γ3)α − 2Aǫmn(ϕnγ3)α − iσmnβ(γ3Γnγ3)βα
]
,
(2.207)
Ψm
µ = ψm
µ − 1
2
ωm(θγ
3)µ − i
2
Aǫm
n(θΓnγ
3)µ + i(θΓnψm)ψn
µ +
1
2
θ2 [· · · ] ,
(2.208)
Ψa
α = ψa
α − 1
2
ωa(θγ
3)α − i
2
Aǫa
b(θΓbγ
3)α − 2i(θΓbψa)ψbα − 2i(θγaϕb)ψbα
+
1
2
θ2
[
−ǫab(Dbkc)ψcα + kaτ bψbα − iσabβ(γ3Γbγ3)βα
]
+
1
2
θ2
[
iωb(ψaΓ
bγ3)α − ωakbψbα + iωb(ϕbγaγ3)α
]
+
1
2
θ2
[
−1
2
A(ψaγ
3Γ3)α −Akakbψbα − k2Aψaα −Aǫcb(ϕbΓcγaγ3)α
]
+
1
2
θ2
[
−4(ψaΓbΓcψb)ψcα − 6(ψaϕb)ψbα − 4(ψbΓcγaϕb)ψcα
]
,
(2.209)
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Ψa
µ = ψa
µ − 1
2
ωa(θγ
3)µ − i
2
Aǫa
b(θΓbγ
3)µ − i(θΓbψa)ψbµ − 2i(θγaϕb)ψbµ
+
1
2
θ2
[
−ǫab(Dbkc)ψcµ + kaτ bψbµ − iσabβ(γ3Γbγ3)βµ
]
+
1
2
θ2
[
i
2
ωb(ψaΓ
bγ3)µ + iωb(ϕ
bγaγ
3)µ
]
+
1
2
θ2
[
−Akakbψbµ −Ak2ψaµ −Aǫcb(ϕbΓcγaγ3)µ
]
+
1
2
θ2
[
−(ψaΓbΓcψb)ψcµ − 2(ψaϕb)ψbµ − 2(ψbΓcγaϕb)ψcµ
]
.
(2.210)
The Ka vector superfield constituting a new multiplet of fields for su-
pergravity with torsion and the contraction Km = KaBa
m are given by
Ka = ka + 2(θΓ3ϕa)
+
1
2
θ2
[
(1− k2) (τa − 2Aka) + kcǫcb(Dbka) + 4i(ϕbΓ3γbϕa)
]
,
(2.211)
Km = km + 2(θγ3ϕm)− 2ikb(θΓmψb)
+
1
2
θ2
[
τm − kbωbkm − 3Akm − 4kc(ψcΓbΓmψb)
]
+
1
2
θ2
[
−6kc(ψcϕm)− 4i(ψbΓmγ3ϕb)
]
. (2.212)
Here the vector ka appears at zeroth order (as was already mentioned in
(2.191)), the spin-vector ϕm
α at first order and the torsion τa at second order
in θ, constituting a new multiplet of x-space fields {ka, ϕmα, τa}, where the
torsion τa could also be replaced by the Lorentz connection ωa.
The inverse supervielbein EA
M can be derived from the above decom-
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position superfields according to (2.70)
Ea
m = ea
m − i(θΓmψa)− 2i(θγaϕm)
+
1
2
θ2
[
−ǫab(Dbkc)ecm + kaτm −Akakm −Ak2eam
]
+
1
2
θ2
[
−(ψaΓnΓmψn)− 2(ψaϕm)− 2(ψbΓmγaϕb)
]
, (2.213)
Ea
µ = −ψaµ + 1
2
ωa(θγ
3)µ +
i
2
Aǫa
b(θΓbγ
3)µ + i(θΓbψa)ψb
µ + 2i(θγaϕ
b)ψb
µ
+
1
2
θ2
[
ǫa
b(Dbkc)ψcµ − kaτ bψbµ + iσabβ(γ3Γbγ3)βµ
]
+
1
2
θ2
[
− i
2
ωb(ψaΓ
bγ3)µ − iωb(ϕbγaγ3)µ
]
+
1
2
θ2
[
Akak
bψb
µ +Ak2ψa
µ +Aǫcb(ϕbΓcγaγ
3)µ
]
+
1
2
θ2
[
(ψaΓ
bΓcψb)ψc
µ + 2(ψaϕ
b)ψb
µ + 2(ψbΓ
cγaϕ
b)ψc
µ
]
, (2.214)
Eα
m = −i(θΓm)α + 1
2
θ2
[
−4ϕmα − (ΓbΓmψb)α
]
, (2.215)
Eα
µ = δα
µ + i(θΓb)αψb
µ
+
1
2
θ2
[
− i
2
ωb(Γ
bγ3)α
µ − 1
2
A(Γ3γ3)α
µ + (ΓbΓcψb)αψc
µ + 4ϕcαψc
µ
]
.
(2.216)
For the θ-expansion of the supervielbein EM
A now applying the decom-
position (2.69) we arrive at
Em
a = em
a + 2i(θΓaψm) + 2i(θγmϕ
a)
+
1
2
θ2
[
ǫm
n(Dnka)− kmτa + ωmka +Akmka +Aema + k2Aema
]
+
1
2
θ2
[
−2(ψmϕa) + 4ikb(ψmγ3γbϕa)− 4(ϕbγmγbϕa)
]
, (2.217)
Em
α = ψm
α − 1
2
ωm(θγ
3)α − i
2
Aǫm
n(θΓnγ
3)α
+
1
2
θ2
[
−3
2
A(ψmΓ
3γ3)α − 2Aǫmn(ϕnγ3)α − iσmnβ(γ3Γnγ3)βα
]
,
(2.218)
Eµ
a = i(θΓa)µ +
1
2
θ2
[
2ikb(γ3γbϕ
a)µ
]
, (2.219)
Eµ
α = δµ
α +
1
2
θ2
[
−1
2
A(Γ3γ3)µ
α
]
. (2.220)
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Finally the Lorentz superconnection ΩA reads
Ωa = ωa −Aka − i(θΓbψa)ωb +A(θΓ3ψa)− 2i(θγaϕb)ωb + 2Aǫcb(θγaΓbϕc)
+ 2i(θγaΓ
3γ3σ) +
1
2
θ2 [· · · ] , (2.221)
Ωα = −i(θΓb)αωb +A(θΓ3)α + 1
2
θ2
[
−(ΓcΓbψc)αωb + iA(Γ3Γbψb)α
]
+
1
2
θ2
[
−4ϕbαωb − 4iAǫcb(Γbϕc)α + 4(Γ3γ3σ)α
]
, (2.222)
and for ΩM = EM
AΩA we obtain
Ωm = ωm −Akm + 2(1− k2)A(θγ3ψm) + 2Aǫcb(θγmΓbϕc)− 2iA(θγmϕb)kb
+ 2i(θγmΓ
3γ3σ) +
1
2
[· · · ] , (2.223)
Ωµ = (1− k2)A(θγ3)µ + 1
2
θ2 [· · · ] . (2.224)
When terms were omitted in the formulae above there is no difficulty of
principle to work them out, but it is tedious to do so.
2.5.5 Supertorsion and Supercurvature
Finally we calculate the supertorsion and supercurvature components to
zeroth order in θ. There the auxiliary fields A, ka and ϕm
α can be detected.
For Tαβ
c we refer to ansatz (2.157) and to (2.211). With σab
γ and tab
c
given by (2.195) and (2.193) the supertorsion components read (cf. also
decomposition (2.159) and (2.160))
Tab
γ | = σabγ , Tabc| = tabc, (2.225)
T+β
γ | = i
2
A(Γ3γ3)β
γ , T+β
c| = 2iϕcβ, (2.226)
the superfield S of ansatz (2.157) for Fαβ to lowest order is
S| = (1− k2)A, (2.227)
and for the supercurvature components with fab given by (2.194) (cf. also
(2.158))
Fab| = fab, (2.228)
F+α| = 2Aǫcb(Γbϕc)α − 2iAϕbαkb + 2i(Γ3γ3σ)α (2.229)
is obtained.
The calculation, simplification and analysis of the model is outside the
scope of our present work. The complexity of these results suggested the
treatment of supergravity along a different path (cf. Chapter 4 below). We
note that in (2.193)–(2.196) always the combination ωa−Aka appears. Ac-
tually this combination will be found to be the important one below in the
PSM approach (Chapter 4).
Chapter 3
PSM Gravity and its
Symplectic Extension
The PSM in general and its relation to two-dimensional gravity is presented.
The method to solve the e.o.m.s of general PSMs is derived and the sym-
plectic extension of the two-dimensional gravity PSM is constructed.
3.1 PSM Gravity
A large class of gravity models in two dimensions can be written in first
order form
L =
∫
M
(DXa)ea + (dφ)ω +
1
2
V ǫbaeaeb, (3.1)
where the potential V = V (φ, Y ) is a function of φ and Y with Y = 12X
aXa,
and the covariant exterior derivative is given by
DXa = dXa +Xbωǫb
a. (3.2)
Particular choices of V yield various gravity models, among which spheri-
cally reduced gravity is an important physical example.
This action is of the form of a Poisson Sigma Model [57, 59, 79, 105, 106]
(cf. also [107–111]),
L =
∫
M
dXiAi +
1
2
PijAjAi. (3.3)
The coordinates on the target space N are denoted by Xi = (Xa, φ). The
same symbols are used to denote the mapping from M to N , therefore
Xi = Xi(xm). In this sloppy notation the dXi in the integral above stand
for the pull-back of the target space differentials dXi = dxm∂mX
i, and Ai
are 1-forms on M with values in the cotangent space of N . The Poisson
38
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tensor Pij is an antisymmetric bi-vector field on the target space N , which
fulfills the Jacobi identity
J ijk = Pil∂lPjk + cycl(ijk) = 0. (3.4)
For the gravity model (3.1) we obtain
Pab = V ǫab, Paφ = Xbǫba. (3.5)
The equations of motion are
dXi + PijAj = 0, (3.6)
dAi +
1
2
(∂iPjk)AkAj = 0, (3.7)
and the symmetries of the action are found to be
δXi = Pijǫj, δAi = −dǫi − (∂iPjk)ǫkAj. (3.8)
Note that ǫ′j = ǫj+∂jC leads to the same transformations of Xi. Under the
local symmetries ǫi = ǫi(x
m) the action transforms into a total derivative,
δL =
∫
d(dXiǫi). We get Lorentz transformations with parameter l = l(x
m)
when making the particular choice ǫi = (ǫa, ǫφ) = (0, l). We can also rep-
resent any infinitesimal diffeomorphism on M, given by δxm = −ξm, by
symmetry transformations with parameter ǫi = ξ
mAmi = (ξ
mema, ξ
mωm).
These symmetries yield the usual transformation rules for the fields back,
δXi = −ξm∂mXi and δAmi = −ξn∂nAmi− (∂mξn)Ani, when going on shell.
The transformations with parameter ǫi = (ǫa, 0) reveals the zweibeins ea to
be the corresponding gauge fields, δea = −dǫa+ · · · , leading us to the notion
of ‘local translations’ for this symmetry.
3.2 Conserved Quantity
If Pij is not of full rank, then we have functions C so that
{Xi, C} = Pij∂jC = 0. (3.9)
In the case of PSM gravity there is only one such function C = C(φ, Y )
given by its defining equation (3.9)
C ′ − V C˙ = 0, (3.10)
where C ′ = ∂φC and C˙ = ∂Y C.
From
dC = dXi∂iC = −PijAj∂iC = 0, (3.11)
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V = 0 C = f (Y )
V = v0(φ) C = f
(
Y +
∫ φ
0 v0(x)dx
)
V = v0(φ) + v1Y C = f
(
Y ev1φ +
∫ φ
0 e
v1xv0(x)dx
)
V = v0(φ) + v1(φ)Y C = f
(
Y e
∫ φ
0 v1(x
′)dx′ +
∫ φ
0 e
∫ x
0 v1(x
′)dx′v0(x)dx
)
Table 3.1: Conserved Quantity C
where the PSM e.o.m. (3.6) and condition (3.9) were employed, we derive
that dC = 0 on shell. Another view is to take a particular linear combination
of (3.6),
(dXi + PijAj)∂iC = dXi∂iC = dC, (3.12)
which immediately shows that dC = 0 is an equation of motion. This result
can also be derived using the second Noether theorem and making a local
transformation with parameter ǫC ,
δXi = 0, δAi = −(∂iC) dǫC , (3.13)
for which we get δL = − ∫ d(dCǫC). This transformation differs from the
symmetries (3.8) with parameter ǫi = (∂iC)ǫC only by a term proportional
to the equations of motion. One can also use the first Noether theorem to
establish the same results. Although the symmetry which yields the con-
served quantity is already a local one, because dC = 0 is an e.o.m., one can
use a trick and perform a rigid transformation instead. The transformation
δXi = 0, δAi = −(∂iC) dfǫ (3.14)
with an arbitrary function f = f(φ, Y ) and a rigid transformation parameter
ǫ leaves the action (3.3) invariant. Furthermore, the e.o.m.s transform in a
total derivative dC, stating that the conserved charge is C [143]. We will
give a more geometrical meaning to this symmetry later on. Note that this
is a symmetry which acts on the one forms Ai, but has no influence on the
coordinates Xi.
3.3 Solving the Equations of Motion
Assuming for simplicity that there is only one function C(Xi), then the
equation C(Xi) = C ∈ R solves one of the differential equations (3.6), but
how can we solve the remaining ones? This is easily done by making the
coordinate transformation (Xi) = (X++,Xi)→ (C,Xi),
C = C(X++,Xl), (3.15)
Xi = Xi. (3.16)
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Notice the difference between the index i and i and that Xi stands for
(X−−, φ). For Ai = (A++, Ai), using Ai =
∂Xj
∂Xi
Aj , we get
A++ = (∂++C)AC , Ai = Ai+ (∂iC)AC , (3.17)
and for the Poisson tensor in the new coordinate system we have
PCj = 0, Pij = Pij. (3.18)
The reduced Poisson tensor of the subspace spanned by (Xi) is invertible.
The inverse defined by PljΩli = δij supplies this subspace with the sym-
plectic two form Ω = 12dX
idXjΩji, which, as a consequence of the Jacobi
identity of the Poisson tensor, is closed on shell, dΩ = dCγ (evaluated on
the target space, where it is nontrivial). The action reads in the (C,Xi)
coordinate system of the target space
L =
∫
M
dC AC + dX
iAi+
1
2
PjiAiAj. (3.19)
The e.o.m.s by the variations δAC and δAi,
dC = 0, dXi+ PijAj = 0 (3.20)
are then easily solved by C = const, as we already knew, and by
Ai = −dXjΩji. (3.21)
In order to investigate the remaining e.o.m.s, following from the variations
δC and δXi, we first insert the solutions for the Ai back into the action,
yielding
L =
∫
M
dC AC −
1
2
dXidXjΩji, (3.22)
and then derive the equations
δAC : dC = 0, (3.23)
δC : dAC −
1
2
dXidXj (∂CΩji) = 0, (3.24)
δXi: ∂iΩjk+ cycl(ijk) = 0. (3.25)
We see (3.24) is the only differential equation which remains. In order to
see how it has to be treated we first stick to PSM gravity and take a closer
look at the (C,X−−, φ), the (X++, C, φ) and the (X++,X−−, C) coordinate
systems in turn.
In the (C,X−−, φ) coordinate system the Poisson tensor of PSM gravity
is
P ij =
 0 0 00 0 X−−
0 −X−− 0
 . (3.26)
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The restriction of it to the subspace Xi = (X−−, φ) is invertible, as long as
X−− 6= 0, giving this subspace a symplectic structure:
Pij =
(
0 X−−
−X−− 0
)
, Ωij =
(
0 1
X−−
− 1
X−−
0
)
. (3.27)
The solution of the one forms Ai follow immediately from (3.21), A−− =
dφ/X−− and Aφ = −dX−−/X−−. The remaining equation (3.24) for AC
is particularly simple, due to ∂CΩij = 0 in this special coordinate system,
yielding dAC = 0. This is solved by AC = −dF , where F = F (x). Going
back to the original (X++,X−−, φ) coordinate system using (3.17) we get
e++ = −X++C˙dF, (3.28)
e−− =
dφ
X−−
−X−−C˙dF, (3.29)
ω = −dX
−−
X−−
− C ′dF. (3.30)
The generalization of the PSM to the graded case (Chapter 4) will be the
basis of a very direct way to obtain 2d supergravity theories. Also the way
to obtain the solution for a particular model (Section 4.7) will essentially
follow the procedure described here.
3.4 Symplectic Extension of the PSM
The solution of the PSM e.o.m.s in the (X++, C, φ) coordinate system pro-
vides no new insight, it is similar to the one before, but in the (X++,X−−, C)
system things turn out to be more difficult. For the Poisson tensor we obtain
P ij =
 0 V 0−V 0 0
0 0 0
 . (3.31)
The restriction to the subspace (X++,X−−) gives
Pij =
(
0 V
−V 0
)
, Ωij =
(
0 1V
− 1V 0
)
. (3.32)
The difficulties stem from the fact that ∂CΩij 6= 0, therefore yielding for
(3.24) the equation dAC − dX−−dX++∂C( 1V ) = 0. Finding a solution for
this equation in an elegant way is the intention of a symplectic extension of
the PSM where the Poisson tensor is no longer singular.
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3.4.1 Simple Case
Let us first treat the more simple case ∂CΩij = 0 using the coordinate system
(C,X−−, φ) as an example. The solution of (3.24) is AC = −dF , the minus
sign is conventional. Inserting this solution back into action (3.22) we get
L =
∫
M
−dCdF − 1
2
dXidXjΩji. (3.33)
This directly suggests to extend the target space by adding a new target
space coordinate F . Using XI = (F ,C,X−−, φ) as coordinate system we
write the action in the form
L =
∫
M
−1
2
dXIdXJΩJI , (3.34)
from which we can immediately read off the extended symplectic matrix and
calculate its inverse,
ΩIJ =

0 1 0 0
−1 0 0 0
0 0 0 1
X−−
0 0 − 1
X−−
0
 , PIJ =

0 1 0 0
−1 0 0 0
0 0 0 X−−
0 0 −X−− 0
 .
(3.35)
Now let’s take a look at the corresponding action in PSM form. When using
F as target space coordinate it is also necessary to introduce its correspond-
ing one form AF , therefore with A−− and Aφ already eliminated we get the
equivalent action
L =
∫
M
dF AF + dC AC −AFAC −
1
2
dXidXjΩji, (3.36)
from which we immediately derive the e.o.m.s
δAC : dC −AF = 0, (3.37)
δAF : dF +AC = 0, (3.38)
δC: dAC = 0, (3.39)
δF : dAF = 0. (3.40)
The general solution in the symplectic case can be immediately written
down,
AI = −dXJΩJI . (3.41)
We see, gauge-fixing AF = 0 yields our original model back. Of course,
field equations (3.38) and (3.39) only fit when ∂CΩij = 0. If this is not so,
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(3.39) would read dAC − 12dXidXj∂CΩji = 0 and (3.38) has to be extended
by adding some more terms, which means PiF 6= 0, or when inverting the
Poisson tensor ΩCi 6= 0. Note that the extended Poisson tensor (3.35)
already fulfills the Jacobi identity PIL∂LPJK + cycl(IJK) = 0 and that
its inverse, the symplectic matrix, obeys ∂IΩJK + cycl(IJK) = 0, which is
just the statement that the symplectic form on the extended target space
Ω = 12dX
IdXJΩJI is closed on the target space, dΩ = 0. And it is just the
closure of the symplectic form, or, when considering the dual problem, the
Jacobi identity, which determines ΩCi and/or P iF in the case ∂CΩij 6= 0, as
we demonstrate in a minute.
Next we will investigate the new symmetry transformations we have
implicitly added to the extended action. From the transformations δXI =
PIJǫJ and δAI = −dǫI+∂IPJKAKǫJ we first look at the one with parameter
ǫC ,
δF = ǫC , δAC = −dǫC . (3.42)
Although this symmetry was originally available in the gauge potential sec-
tor only, δAC = −dǫC , it can now be interpreted as a transformation in the
extended target space, δF = ǫC . Transforming back to the coordinate sys-
tem (F,X++,X−−, φ), which is the original one extended by F = F , using
(3.17) shows that
δAi = −(∂iC)dǫC , (3.43)
is indeed the gauge symmetry of the extended action which is the local
version of (3.14) corresponding to the conserved quantity C of the origi-
nal action. Furthermore, any departure from AF = 0 can be made by a
symmetry transformation with parameter ǫF ,
δC = −ǫF , δAF = −dǫF . (3.44)
For completeness we write down the extension in the (F,X++, C, φ)
coordinate system too:
ΩIJ =

0 0 1 0
0 0 0 − 1
X++
−1 0 0 0
0 1
X++
0 0
 , PIJ =

0 0 1 0
0 0 0 −X++
−1 0 0 0
0 X++ 0 0
 .
(3.45)
3.4.2 Generic Case
As already promised, we are going to solve (3.24) in the (F ,X++,X−−, C)
coordinate system by extending the target space and looking for an appro-
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priate Poisson tensor. The above considerations suggest the ansatz
PIJ =

0 PF++ PF−− 1
−PF++ 0 V 0
−PF−− −V 0 0
−1 0 0 0
 , (3.46)
or equivalently for the symplectic form
ΩIJ =

0 0 0 1
0 0 1V −ΩC++
0 − 1V 0 −ΩC−−
−1 ΩC++ ΩC−− 0
 . (3.47)
The quantities PFb and ΩCb should not depend on the coordinate F . We can
further expand ΩCb in a Lorentz covariant way, ΩCb =
1
2AXb +
1
2BX
aǫab.
The closure relation for Ω by JIJK = ∂[IΩJK] yields
−1
2
ǫbaJCab = Y (∂YB) +B + ∂C(
1
V
) = 0. (3.48)
Then, after inserting B = GY , we arrive at
∂YG+ ∂C(
1
V
) = 0. (3.49)
This equation is solved by
G =
1
C ′
+ g(C), (3.50)
as can be seen easily by going back to our original coordinate system, thus
using ∂Y = ∂Y − 1V ∂φ, ∂C = 1C′∂φ and V = C
′
C˙
. We set A = 0, which can
be reached by a coordinate transformation of the type F → F + f(Xi, C)
as we see later, and calculate PFb using ΩCb,
ΩCb =
1
2Y
GXaǫab, PFb = 1
2Y
GV Xb, (3.51)
and then go back to our original coordinate system, in which we have, in
addition to (3.5),
PFφ = 0, PFb = 1
2Y
GV Xb. (3.52)
The homogeneous part in the solution G can also be set to zero, thus we
finally have the extended action
Lext =
∫
M
(dF )AF + (DX
a)ea + (dφ)ω +
1
2
V ǫbaeaeb +
1
XaXaC˙
XbebAF .
(3.53)
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This is a generalization of 2d gravity with U(1) gauge field A; there V is a
function of φ, Y and F but the last term is not present [115]. The original
model (3.1) is found again when choosing the gauge AF = 0. Of course the
gauge AF = 0 restricts the target space to the surface C(X
i) = const, as
can be seen immediately from the solution of the e.o.m.s of model (3.53),
given by AI = −dXJΩJI , where ΩJI is the inverse of the Poisson tensor,
ΩF i = ∂iC, Ωφb =
1
2Y
Xaǫab, Ωab = 0, (3.54)
which is given by
AF = dC, (3.55)
ea = −dFXaC˙ − dφ 1
2Y
Xbǫba, (3.56)
ω = −dFC ′ + 1
2Y
dXaXbǫba. (3.57)
3.4.3 Uniqueness of the Extension
We now have a look at the various possibilities one has in extending the
action. We will see, by using Casimir-Darboux coordinates, that all these
possibilities are connected by coordinate transformations of particular types.
The simplest case of a symplectic extension is the extension of a model in
Casimir-Darboux coordinates. Denoting the coordinates by Xi = (C,Q,P )
we have
LCD =
∫
M
dCAC + dQAQ + dPAP −AQAP (3.58)
and the Poisson tensor reads
Pij =
 0 0 00 0 1
0 −1 0
 . (3.59)
The e.o.m.s for AQ and AP can be read off immediately. The remaining
equations are dC = 0 and dAC = 0, where the latter is solved by AC = −dF .
We also see that the same equations can be derived from the extended action
Lext =
∫
M
dFAF + dCAC −AFAC + dQAQ + dPAP −AQAP (3.60)
as long as we restrict the solution to the surface C = const or alternatively
gauge AF = 0.
The extended target space is uniquely determined by the conditions
∂FPIJ = 0, and the Jacobi identity JIJK = 0. One can easily see this
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by making the ansatz in the extended target space XI = (F,C,Q, P )
PIJ =

0 PFC PFQ PFP
−PFC 0 0 0
−PFQ 0 0 1
−PFP 0 −1 0
 . (3.61)
From the Jacobi identities JFCQ = JFCP = 0 we get PFC = κ(C). Using
a coordinate transformation of the form C = g(C) we can set PFC = 1.
This can be done because any redefinition of C does not change the original
model. The remaining Jacobi identity JFQP = 0 yields ∂QPFQ + ∂PPFP =
0, but any solution of this equation can be put to zero by a coordinate
transformation F = F + f(C,Q,P ). The one forms AC , AQ and AF get
then contributions of AF , but on the surface C = const we have AF = 0,
therefore this doesn’t change the model too. We conclude that the conditions
∂FPIJ = 0 and JIJK = 0 provide a coordinate independent way to extend
the target space and to supply it with a symplectic structure.
3.5 Symplectic Geometry
Symplectic form and Poisson tensor read
Ω =
1
2
dXIdXJΩJI , P = 1
2
PIJ∂J∂I , (3.62)
where ΩIJ = −ΩJI , PIJ = −PJI and PIJΩIK = δKJ . The related Poisson
bracket of functions becomes
{f, g} = PIJ (∂Jg)(∂If). (3.63)
The symplectic form defines an isomorphism between vectors an cov-
ectors. Let v = vI∂I be a vector field, then it’s correspondent 1-form Av
is
Av = v
♭ = v⌋Ω = dXIvJΩJI . (3.64)
The vector corresponding to a 1-form α = dXIαI is
α♯ = PIJαJ∂I . (3.65)
We have (v♭)♯ = v and (α♯)♭ = α of course. Now the Poisson bracket of the
1-forms α and β can be defined by
{α, β} = [α♯, β♯]♭, (3.66)
and the antisymmetric scalar product of vectors reads
[u|v] = uIvJΩJI . (3.67)
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Hamiltonian vector fields become
Vf = (df)
♯ = { . , f} = PIJ(∂Jf)∂I . (3.68)
(Note: Vf ⌋Ω = df). The commutator of Hamiltonian vector fields is
[Vf , Vg] = V{g,f}, (3.69)
and the antisymmetric scalar product of Hamiltonian vector fields reads
[Vf |Vg] = {g, f}. (3.70)
On the basis of these formulae the Lie derivative of functions in the direction
of Hamiltonian vector fields becomes
LVf (g) = Vf (g) = {g, f} = −Vg(f) = −LVg(f), (3.71)
and the Lie derivative of vectors in the direction of Hamiltonian vector fields
LVf (u) = [Vf , u]. (3.72)
Symplectic form and Poisson tensor obey
LVf (Ω) = LVf (P) = 0. (3.73)
3.6 Symplectic Gravity
In terms of the coordinates XI = (F,Xa, φ) the new components of the
Poisson tensor are PFb = 1
2Y C˙
Xb and PFφ = 0. Its inverse, the symplectic
form, consists of the components ΩF i = (∂iC) and Ωφb =
1
2Y X
cǫcb.
PIJ =
 0 PFb PFφPaF Pab Paφ
PφF Pφb 0
 =
 0 12Y C˙Xb 0− 1
2Y C˙
Xa V ǫab Xcǫc
a
0 −Xcǫcb 0
 , (3.74)
ΩIJ =
 0 ΩFb ΩFφΩaF Ωab Ωaφ
ΩφF Ωφb 0
 =
 0 ∂bC ∂φC−∂aC 0 − 12Y Xcǫca
−∂φC 12Y Xcǫcb 0
 .
(3.75)
PIJ =

0 1
2X−−C˙
1
2X++C˙
0
− 1
2X−−C˙
0 V −X++
− 1
2X++C˙
−V 0 X−−
0 X++ −X−− 0
 , (3.76)
ΩIJ =

0 X−−C˙ X++C˙ C ′
−X−−C˙ 0 0 − 1
2X++
−X++C˙ 0 0 12X−−
−C ′ 12X++ − 12X−− 0
 . (3.77)
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det(ΩIJ) = C˙
2, det(PIJ ) = 1
det(ΩIJ)
=
1
C˙2
. (3.78)
Let Φ: M → N and (xm) be a coordinate system on M. We have the
relations for the 1-forms AI :
AI = A∂I = (∂I)
♭ = ∂I⌋Ω = −dXJΩJI ∈ Λ1(N ), (3.79)
Φ∗AI = −dxm(∂mΦJ)ΩJI = dxmAmI ∈ Λ1(M), (3.80)
AΦ∗∂m = dX
I(∂mΦ
J)ΩJI = −dXIAmI ∈ Λ1(N ), (3.81)
AmI = −∂I⌋(AΦ∗∂m) = −(∂mΦJ)ΩJI . (3.82)
The PSM Lagrangian can be written as
L = Φ∗
(
dXI ∧ (∂I⌋Ω) + 1
2
PIJ(∂J⌋Ω) ∧ (∂I⌋Ω)
)
, (3.83)
and the Hamiltonian flux of C is
VC = (dC)
♯ = ∂F . (3.84)
Let Φ: R → N be the integral curve Φ(τ) of the Hamiltonian vector field
VC . It satisfies the condition Φ∗∂τ = VC . When using the coordinate repre-
sentation the Hamiltonian equations
dXI
dτ
= PIJ ∂C
∂XJ
(3.85)
follow, thus dFdτ = 1 and
dXi
dτ = 0. This suggests to use (x
m) = (F, x1)
as coordinate system on M, because the Xi are then functions of x1 only,
Xi = Xi(x1). The induced symplectic form on the world sheet M given by
ω = Φ∗Ω in that coordinates reads ω = −dFdx1(∂1Xi)(∂iC) = −dFdx1 dCdx1 ,
which is zero on the surface C = const.
The surface C = const in parameter representation using (F, x1) as co-
ordinate system on M follows from Φ∗(dC) = dx1((∂1Y )C˙ + (∂1φ)C ′) = 0,
thus yielding the differential equation
∂1Y
∂1φ
= −V (φ, Y ). (3.86)
This immediately leads to the (xm) = (F, φ) system on M, where we have
to solve
dY
dφ
= −V (φ, Y (φ)). (3.87)
Chapter 3. PSM Gravity and its Symplectic Extension 50
3.6.1 Symmetry Adapted Coordinate Systems
The coordinates (Xa) = (X++,X−−) transform under Lorentz transfor-
mations with infinitesimal parameter l according to δXa = lXbǫb
a. It is
natural to replace (X++,X−−) by new coordinates, one of these being the
invariant Y = 12X
aXa = X
++X−−. In order to determine the second
new coordinate we calculate the finite Lorentz transformations by solving
dXa(λ)
dλ |λ=0 = Xb(0)ǫba, for which we get{
X++(λ) = e−λX++(0)
X−−(λ) = eλX−−(0)
. (3.88)
Now we see that λ = −12 ln(X
++
X−− ), or λ = −12 ln(−X
++
X−− ) if
X++
X−− is negative,
is an appropriate choice for the remaining new coordinate. This coordinate
is best suited, because any Lorentz transformation is a translation in the
λ-space.
Therefore, we change from the original coordinates (X++,X−−) to sym-
metry adapted coordinates (Y, λ), where Y is an invariant of the symmetry
transformation and λ is in a sense isomorphic to the transformation group,
by incorporating the coordinate transformations:
X++X−− > 0 :

Y = X++X−−
λ = −1
2
ln
(
X++
X−−
)
(3.89)
X++X−− < 0 :

Y = X++X−−
λ = −1
2
ln
(
−X
++
X−−
)
(3.90)
X++ = 0, X−− 6= 0 :
{
Y = 0
λ = ln
(
X−−
) (3.91)
X++ 6= 0, X−− = 0 :
{
Y = 0
λ = − ln (X++) (3.92)
The point X++ = 0, X−− = 0 is non-sensitive to Lorentz transformations
and therefore cannot be represented in this way.
A short calculation yields the transformed components of the Poisson
tensor (3.76) and the symplectic form (3.77). Going from the original co-
ordinates XI = (F,X++,X−−, φ) to the Lorentz symmetry adapted sys-
tem XI = (F, Y, λ, φ) with Y = X++X−− and λ = −12 ln X
++
X−− using
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PIJ = PKL(∂LXJ)(∂KXI) we get
PIJ =

0 1
C˙
0 0
− 1
C˙
0 V 0
0 −V 0 1
0 0 −1 0
 , (3.93)
ΩIJ =

0 C˙ 0 C ′
−C˙ 0 0 0
0 0 0 1
−C ′ 0 −1 0
 . (3.94)
det(ΩIJ) = C˙
2, det(PIJ) = 1
C˙2
. (3.95)
In flat space where V = 0 we have C = Y and the Poisson tensor (3.93)
is already in Darboux form. In this case Y is not only Lorentz invariant, but
also invariant under spacetime translations. This suggests to use an invariant
for both spacetime as well as Lorentz transformations as new coordinate
instead of Y , but this is the quantity C. Using (F,C, λ, φ) as coordinates
of the target space, we arrive at the Darboux form in the curved case too,
where the conjugate pairs are
{F,C} = 1, {λ, φ} = 1, (3.96)
and the symplectic form reads
Ω = dCdF + dφdλ. (3.97)
The closure of the symplectic form is now evident, and we can immediately
write down the Cartan 1-form θ, which is the potential for the symplectic
form, Ω = dθ, determined up to an exact form:
θ = −CdF + λdφ (3.98)
Chapter 4
Supergravity from Poisson
Superalgebras
The method presented in this chapter is able to provide the geometric actions
for most general N = 1 supergravity in two spacetime dimensions. Our
construction implies the possibility of an extension to arbitrary N . This
provides a supersymmetrization of any generalized dilaton gravity theory
or of any theory with an action being an (essentially) arbitrary function of
curvature and torsion.
Technically we proceed as follows: The bosonic part of any of these the-
ories may be characterized by a generically nonlinear Poisson bracket on a
three-dimensional target space. In analogy to the given ordinary Lie algebra,
we derive all possible N = 1 extensions of any of the given Poisson (or W -)
algebras. Using the concept of graded Poisson Sigma Models, any exten-
sion of the algebra yields a possible supergravity extension of the original
theory, local Lorentz and super-diffeomorphism invariance follow by con-
struction. Our procedure automatically restricts the fermionic extension to
the minimal one; thus local supersymmetry is realized on-shell. By avoiding
a superfield approach of Chapter 2 we are also able to circumvent in this way
the introduction of constraints and their solution. Instead, we solve the Ja-
cobi identities of the graded Poisson algebra. The rank associated with the
fermionic extension determines the number of arbitrary parameter functions
in the solution. In this way for many well-known dilaton theories different
supergravity extensions are derived. It turns out that these extensions also
may yield restrictions on the range of the bosonic variables.
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4.1 Graded Poisson Sigma Model
4.1.1 Outline of the Approach
The PSM formulation of gravity theories allows a direct generalization, yield-
ing possible supergravity theories. Indeed, from this perspective it is sug-
gestive to replace the Minkowski space with its linear coordinates Xa by its
superspace analogue, spanned by Xa and (real, i.e. Majorana) spinorial and
(one or more) Grassmann-valued coordinates χiα (where i = 1, . . . , N). In
the purely bosonic case we required that φ generates Lorentz transforma-
tions on Minkowski space. We now extend this so that φ is the generator
of Lorentz transformations on superspace. This implies in particular that
besides (1.12) now also
{χiα, φ} = −1
2
χiβγ3β
α, (4.1)
has to hold, where −12γ3βα is the generator of Lorentz transformations in
the spinorial representation. For the choice of the γ-matrices and further
details on notation and suitable identities we refer to Appendix B.
Within the present work we first focus merely on a consistent extension
of the original bosonic Poisson algebra to the total superspace. This super-
space can be built upon N pairs of coordinates obeying (4.1). Given such a
graded Poisson algebra, the corresponding Sigma Model provides a possible
N -supergravity extension of the original gravity model corresponding to the
purely bosonic sigma model. We shall mainly focus on the construction of a
graded Poisson tensor PIJ for the simplest supersymmetric extension N = 1,
i.e. on a (‘warped’) product of the above superspace and the linear space
spanned by the generator φ. Upon restriction to the bosonic submanifold
χα = 0, the bracket will be required to coincide with the bracket (1.12) and
(1.13) corresponding to the bosonic theory (1.11). Just as the framework
of PSMs turns out to provide a fully satisfactory and consistent 2d gravity
theory with all the essential symmetries for any given (Lorentz invariant)
Poisson bracket (1.12) and (1.13), the framework of graded Poisson Sigma
Models (gPSM) will provide possible generalizations for any of the brackets
Pij with a local ‘supersymmetry’ of the generic type (1.15). In particu-
lar, by construction of the general theory (cf [132] or Section 4.2 below)
and upon an identification which is a straightforward extension of (1.10),
the resulting gravity theory will be invariant automatically with respect to
local Lorentz transformations, spacetime diffeomorphisms and local super-
symmetry transformations. In particular, the Rarita-Schwinger field ψα (or
ψiα, i = 1, . . . , N in the more general case) is seen to enter naturally as the
fermionic component of the one-form valued multiplet AI . Likewise, special-
izing the local symmetries (1.14) (or rather their generalization to the graded
case provided in (4.15) below) to the spinorial part ǫα, local supersymme-
try transformations of the form (1.15) are found, which, by construction,
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are symmetries of the action (In fact, it is here where the graded Jacobi
identity for P enters as an essential ingredient!). Finally, by construction,
the bosonic part of the action of the gPSM corresponding to the bracket
PIJ will coincide with (1.11). Thus, for any such a bracket PIJ , the result-
ing model should allow the interpretation as a permissible supersymmetric
generalization of the original bosonic starting point.
The relations (1.12), (4.1) fix the φ components of the sought for (graded)
Poisson tensor PIJ . We are thus left with determining the remaining com-
ponents PAB , A and B being indices in the four-dimensional superspace
with XA = (Xa, χα). As will be recapitulated in Section 4.1.2, besides the
graded symmetry of the tensor PIJ , the only other requirement it has to
fulfill by definition is the graded Jacobi identity. This requires the vanish-
ing of a 3-tensor JIJK (cf. (4.4) below), which may be expressed also as
the Schouten-Nijenhuis bracket [·, ·]SN of (PIJ ) with itself. In this formula-
tion (PIJ ) is meant to be the Poisson tensor itself and not its components
(abstract indices). It is straightforward to verify (cf. also [132]) that the
relations JIJK = 0 with at least one of the indices coinciding with the one
corresponding to φ are satisfied, iff (PAB) is a Lorentz covariant 2-tensor,
L(PAφ)(PAB) = 0, (4.2)
i.e. depending on Xa, χα and also on the Lorentz invariant quantity φ in a
covariant way as determined by its indices. Thus one is left with finding the
general solution of JABC = 0 starting from a Lorentz covariant ansatz for
(PAB).
Let us note on this occasion that the above considerations do not imply
that (PAB) forms a bracket on the Super-Minkowski space, a subspace of
the target space under consideration. The reason is that the equations
JABC = 0 contain also derivatives of PAB with respect to φ: in terms of the
Schouten-Nijenhuis bracket, the remaining equations become
[(PAB), (PAB)]SN = (PAφ) ∧ (∂φPAB), (4.3)
where the components of the supervector (PAφ) are given implicitly by
eqs. (1.12) and (4.1) above. So (PAB) defines a graded Poisson bracket
for the XA only if it is independent of φ. However, in the present context
φ-independent Poisson tensors are uninteresting in view of our discussion of
actions of the form (1.2).
It should be remarked that given a particular bosonic model and its
corresponding bracket, there is by no means a unique graded extension,
even for fixed N . Clearly, any (super-)diffeomorphism leaving invariant
the bosonic sector as well as the brackets (4.1) applied to a solution of the
(graded) Jacobi identities yields another solution. This induces an ambiguity
for the choice of a superextension of a given gravity model (1.3) or also (1.1).
This is in contrast to the direct application of, say, the superfield formalism
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of Howe [46], which when applied to the (necessarily torsionfree) theory (1.3)
[125], yields one particular superextension. This now turns out as just one
possible choice within an infinite dimensional space of admissible extensions.
From one or the other perspective, however, different extensions (for a given
N) may be regarded also as effectively equivalent. We shall come back to
these issues below.
A final observation concerns the relation of our supersymmetric exten-
sions to ‘ordinary’ supergravity. From the point of view of the seminal work
on the 2d analogue [34, 144] of 4d supergravity our supergravity algebra is
‘deformed’ by the presence of a dilaton field. Such a feature is known also
from the dimensional reduction of supergravity theories in higher dimen-
sions, where one or more dilaton fields arise from the compactification.
4.1.2 Details of the gPSM
In this Section we recollect for completeness some general and elementary
facts about graded Poisson brackets and the corresponding Sigma Models.
This Section (cf. also Section 2.1.1 and Appendix A, B) also sets the con-
ventions about signs etc. used within the present work, which are adapted
to those of [141] and which differ on various instances from those used in
[132].
For the construction of the gPSM we take a 2-dimensional base mani-
fold M, also called world sheet or spacetime manifold, with purely bosonic
(commutative) coordinates xm, and the target space N with coordinates
XI = (φ,XA) = (φ,Xa, χα), φ and Xa being bosonic and χα fermionic
(anticommutative), promoting N to a supermanifold. The restriction to
one Majorana spinor means that only the case N = 1 is implied in what
follows. To the coordinate functions XI correspond gauge fields AI which
we identify with the usual Lorentz-connection 1-form ω and the vielbein
1-form ea of the Einstein-Cartan formalism of gravity and with the Rarita-
Schwinger 1-form ψα of supergravity according to AI = (ω, eA) = (ω, ea, ψα).
They can be viewed as 1-forms on the base manifold M with values in
the cotangential space of N and may be collected in the total 1-1-form
A = dXIAI = dX
IdxmAmI .
As the main structure of the model we choose a Poisson tensor PIJ =
PIJ(X) on N , which encodes the desired symmetries and the dynamics of
the theory to be constructed. Due to the grading of the coordinates of N
it is graded antisymmetric PIJ = −(−1)IJPJI and is assumed to fulfill the
graded Jacobi identity (
→
∂ I =
→
∂ /∂XI is the right derivative) of which we
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list also a convenient alternative version
JIJK = PIL→∂ LPJK + gcycl(IJK) (4.4)
= PIL→∂ LPJK + PJL
→
∂ LPKI(−1)I(J+K) + PKL
→
∂ LPIJ(−1)K(I+J)
(4.5)
= 3PI]L→∂ LP [JK = 0. (4.6)
The relation between the right partial derivative
→
∂ I and the left partial
derivative
←
∂I for the graded case formally is the same as in (2.3) (M → I).
The Poisson tensor defines the Poisson bracket of functions f , g on N ,
{f, g} = (f←∂J)PJI(
→
∂ Ig), (4.7)
implying for the coordinate functions {XI ,XJ} = PIJ . With (2.3) the
Poisson bracket (4.7) may be written also as
{f, g} = PJI(→∂ Ig)(
→
∂ Jf)(−1)g(f+J). (4.8)
This bracket is graded anticommutative,
{f, g} = −(−1)fg{g, f}, (4.9)
and fulfills the graded Jacobi identity
{XI , {XJ ,XK}}(−1)IK + {XJ , {XK ,XI}}(−1)JI
+ {XK , {XI ,XJ}}(−1)KJ = 0, (4.10)
which is equivalent to the graded derivation property
{XI , {XJ ,XK}} = {{XI ,XJ},XK}+ (−1)IJ{XJ , {XI ,XK}}. (4.11)
The PSM action (1.11) generalizes to
LgPSM =
∫
M
dXIAI +
1
2
PIJAJAI , (4.12)
where in the graded case the sequence of the indices is important. The
functions XI(x) represent a map from the base manifold to the target space
in the chosen coordinate systems of M and N , and dXI is the shorthand
notation for the derivatives dMXI(x) = dxm∂mXI(x) of these functions.
The reader may notice the overloading of the symbols XI which sometimes
are used to denote the map from the base manifold to the target space and
sometimes, as in the paragraph above, stand for target space coordinates.
This carries over to other expressions like dXI which denote the coordinate
differentials dNXI on N and, on other occasions, as in the action (4.12), the
derivative of the map from M to N .
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The variation of AI and X
I in (4.12) yields the gPSM field equations
dXI + PIJAJ = 0, (4.13)
dAI +
1
2
(
→
∂ IPJK)AKAJ = 0. (4.14)
These are first order differential equations of the fields XI(x) and AmI(x)
and the Jacobi identity (4.4) of the Poisson tensor ensures the closure of
(4.13) and (4.14). As a consequence of (4.4) the action exhibits the symme-
tries
δXI = PIJǫJ , δAI = −dǫI − (
→
∂ IPJK)ǫKAJ , (4.15)
where corresponding to each gauge field AI we have a symmetry parameter
ǫI(x) with the same grading which is a function of x only. In general, when
calculating the commutator of these symmetries, parameters depending on
both x and X are obtained. For two parameters ǫ1I(x,X) and ǫ2I(x,X)
(δ1δ2 − δ2δ1)XI = δ3XI , (4.16)
(δ1δ2 − δ2δ1)AI = δ3AI +
(
dXJ + PJKAK
)
(
→
∂ J
→
∂ IPRS)ǫ1Sǫ2R (4.17)
follows, where ǫ3I(x,X) of the resulting variation δ3 are given by the Poisson
bracket (or Koszul-Lie bracket) of the 1-forms ǫ1 = dX
Iǫ1I and ǫ2 = dX
Iǫ2I ,
defined according to
ǫ3I = {ǫ2, ǫ1}I := (
→
∂ IPJK)ǫ1Kǫ2J + PJK
(
ǫ1K
→
∂ Jǫ2I − ǫ2K
→
∂ Jǫ1I
)
. (4.18)
Note, that the commutator of the PSM symmetries closes if the Poisson
tensor is linear, for non-linear Poisson tensors the algebra closes only on-
shell (4.17).
Right and left Hamiltonian vector fields are defined by
→
T I = {XI , ·} and
←
T I = {·,XI}, respectively, i.e. by
→
T I · f = {XI , f} = PIJ (→∂ Jf), f ·
←
T I = {f,XI} = (f←∂J)PJI . (4.19)
The vector fields
←
T I are the generators of the symmetries, δXI = XI ·←T JǫJ .
From their commutator the algebra
[
←
T I ,
←
T J ] =
←
TKfK
IJ(X) (4.20)
follows with the structure functions fK
IJ = (
→
∂KPIJ ). Structure constants
and therefore Lie algebras are obtained when the Poisson tensor depends
only linearly on the coordinates, which is true for Yang-Mills gauge theory
and simple gravity models like (anti-)de Sitter gravity.
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As in the purely bosonic case the kernel of the graded Poisson algebra de-
termines the so-called Casimir functions C obeying {C,XI} = 0. When the
co-rank of the bosonic theory—with one Casimir function—is not changed
we shall call this case non-degenerate. Then Pαβ |, the bosonic part of the
fermionic extension, must be of full rank. For N = 1 supergravity and
thus one target space Majorana spinor χα, the expansion of C in χα reads
(χ2 = χαχα, cf. Appendix B)
C = c+
1
2
χ2c2, (4.21)
where c and c2 are functions of φ and Y ≡ 12XaXa only. This assures that
the Poisson bracket {φ,C} is zero. From the bracket {Xa, C} = 0, to zeroth
order in χα, the defining equation of the Casimir function for pure bosonic
gravity PSMs becomes
∇c := (∂φ − v∂Y ) c = 0. (4.22)
This is the well-known partial differential equation of that quantity [59, 79].
The solution of (4.22) for bosonic potentials relevant for kinetic dilaton
theories (1.4) can be given by ordinary integration,
c(φ, Y ) = Y eQ(φ) +W (φ), (4.23)
Q(φ) =
∫ φ
φ1
Z(ϕ)dϕ, W (φ) =
∫ φ
φ0
eQ(ϕ)V (ϕ)dϕ. (4.24)
The new component c2 is derived by considering the terms proportional to
χβ in the bracket {χα, C} = 0. Thus c2 will depend on the specific fermionic
extension. In the degenerate case, when Pαβ is not of full rank, there will be
more than one Casimir function, including purely Grassmann valued ones
(see Section 4.2.2 and 4.2.2).
4.2 Solution of the Jacobi Identities
As mentioned above, in order to obtain the general solution of the graded
Jacobi identities a suitable starting point is the use of Lorentz symmetry in
a most general ansatz for PIJ . Alternatively, one could use a simple PIJ(0)
which trivially fulfills (4.4). Then the most general PIJ may be obtained by
a general diffeomorphism in target space. The first route will be followed
within this section. We will comment upon the second one in Section 4.3.
4.2.1 Lorentz-Covariant Ansatz for the Poisson-Tensor
Lorentz symmetry determines the mixed components PAφ of PIJ ,
Paφ = Xbǫba, Pαφ = −1
2
χβγ3β
α. (4.25)
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All other components of the Poisson tensor must be Lorentz-covariant (cf.
the discussion around (4.2)). Expanding them in terms of invariant tensors
ηab, ǫab, ǫαβ and γ-matrices yields
Pab = V ǫab, (4.26)
Pαb = χβF bβα, (4.27)
Pαβ = Uγ3αβ + iU˜Xcγcαβ + iÛXcǫcdγdαβ . (4.28)
The quantities V , U , U˜ and Û are functions of φ, Y and χ2. Due to the
anticommutativity of χα the dependence on χ2 is at most linear. Therefore
V = v(φ, Y ) +
1
2
χ2 v2(φ, Y ) (4.29)
depends on two Lorentz-invariant functions v and v2 of φ and Y . An analo-
gous notation will be implied for U, U˜ and Û , using the respective lower case
letter for the χ-independent component of the superfield and an additional
index 2 for the respective χ2-component. The component (4.27) contains
the spinor matrix F aβ
γ , which may be first expanded in terms of the linearly
independent γ-matrices,
F aβ
γ = fa(1)δβ
γ + ifabγbβ
γ + fa(3)γ
3
β
γ . (4.30)
The Lorentz-covariant coefficient functions in (4.30) are further decomposed
according to
fa(1) = f(11)X
a − f(12)Xbǫba, (4.31)
fa(3) = f(31)X
a − f(32)Xbǫba, (4.32)
fab = f(s)η
ab + f(t)X
aXb − f(h)XcǫcaXb + f(a)ǫab. (4.33)
The eight Lorentz-invariant coefficients f(11), f(12), f(31), f(32), f(s), f(t), f(h)
and f(a) are functions of φ and Y only. The linearity in χ
α of (4.27) precludes
any χ2 term in (4.30).
Below it will turn out to be convenient to use a combined notation for
the bosonic and the χ2-dependent part of Pαβ ,
Pαβ = vαβ + 1
2
χ2vαβ2 , (4.34)
where vαβ and vαβ2 are particular matrix-valued functions of φ and X
a,
namely, in the notation above (cf. also Appendix B.1 for the definition of
X++ and X−−),
vαβ =
( √
2X++(u˜− uˆ) −u
−u √2X−−(u˜+ uˆ)
)
, (4.35)
and likewise with suffix 2. Note that the symmetric 2 × 2 matrix vαβ still
depends on three arbitrary real functions; as a consequence of Lorentz in-
variance, however, they are functions of φ and Y only. A similar explicit
matrix representation may be given also for F±±αβ.
Chapter 4. Supergravity from Poisson Superalgebras 60
4.2.2 Remaining Jacobi Identities
The Jacobi identities JφBC = 0 have been taken care of automatically by
the Lorentz covariant parametrization introduced in Section 4.2.1. In terms
of these functions we write the remaining identities as
Jαβγ =
→
T α(Pβγ) + cycl(αβγ) = 0, (4.36)
Jαβc =
→
T c(Pαβ) + →T α(χF c)β + →T β(χF c)α = 0, (4.37)
1
2
Jαbcǫcb =
→
T α(V )− →T b(χF c)αǫcb = 0. (4.38)
Here
→
T a and
→
T α are Hamiltonian vector fields introduced in (4.19), yielding
(∂φ =
∂
∂φ , ∂a =
∂
∂Xa , ∂α =
∂
∂χα )
→
T a = Xbǫb
a∂φ +
(
v +
1
2
χ2v2
)
ǫab∂b − (χF a)β∂β , (4.39)
→
T α = −1
2
(χγ3)α∂φ + (χF
b)α∂b +
(
vαβ +
1
2
χ2v2
αβ
)
∂β . (4.40)
To find the solution of (4.36)–(4.38) it is necessary to expand in terms of the
anticommutative coordinate χα. Therefore, it is convenient to split off any
dependence on χα and its derivative also in (4.39) and (4.40), using instead
the special Lorentz vector and spinor matrix valued derivatives1
∇c := Xdǫdc∂φ + vǫcd∂d, (4.41)
∇δα := −1
2
γ3δ
α∂φ + F
d
δ
α∂d. (4.42)
Then the Jacobi identities, arranged in the order Jαβc|, Jαβγ |χ, Jαbc|χ and
Jαβc|χ2 , that is the order of increasing complexity best adapted for our
further analysis, read
vα)γF cγ
(β +
1
2
∇cvαβ = 0, (4.43)
vδ
αvβγ2 −∇δαvβγ + cycl(αβγ) = 0, (4.44)
vδ
αv2 −∇δαv +∇cF bδαǫbc − (F cF b)δαǫbc = 0, (4.45)
∇cvαβ2 − F cδδvαβ2 + v2ǫcd∂dvαβ + 2∇δ(α|F cδ |β) + 2vα)δ2 F cδ(β = 0. (4.46)
All known solutions for d = 2 supergravity models found in the literature
have the remarkable property that the Poisson tensor has (almost every-
where, i.e. except for isolated points) constant rank four, implying exactly
one conserved Casimir function C [132]. Since the purely bosonic Poisson
1When (4.41) acts on an invariant function of φ and Y , ∇c essentially reduces to the
‘scalar’ derivative, introduced in (4.22).
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tensor has (almost everywhere) a maximum rank of two, this implies that
the respective fermionic bracket Pαβ (or, equivalently, its χ-independent
part vαβ) must be of full rank if only one Casimir function is present in
the fermionic extension. In the following subsection we will consider this
case, i.e. we will restrict our attention to (regions in the target space with)
invertible Pαβ . For describing the rank we introduce the notation (B|F ).
Here B denotes the rank of the bosonic body of the algebra, F the one of
the extension. In this language the nondegenerate case has rank (2|2). The
remaining degenerate cases with rank (2|0) and (2|1) will be analyzed in a
second step (Section 4.2.2 and Section 4.2.2).
Nondegenerate Fermionic Sector
When the matrix vαβ in (4.34) is nondegenerate, i.e. when its determinant
∆ := det(vαβ) =
1
2
vαβvβα (4.47)
is nonzero, for a given bosonic bracket this yields all supersymmetric ex-
tensions of maximal total rank. We note in parenthesis that due to the
two-dimensionality of the spinor space (and the symmetry of vαβ) the in-
verse matrix to vαβ is nothing else but vαβ/∆, which is used in several
intermediary steps below.
The starting point of our analysis of the remaining Jacobi identities
JABC = 0 will always be a certain ansatz, usually for vαβ . Therefore, it
will be essential to proceed in a convenient sequence so as to obtain the
restrictions on the remaining coefficient functions in the Poisson tensor with
the least effort. This is also important because it turns out that several
of these equations are redundant. This sequence has been anticipated in
(4.43)–(4.46). There are already redundancies contained in the second and
third step (eqs. (4.44) and (4.45)), while the χ2-part of Jαβc = 0 (eq. (4.46))
turns out to be satisfied identically because of the other equations. It should
be noted, though, that this peculiar property of the Jacobi identities is not
a general feature, resulting e.g. from some hidden symmetry, it holds true
only in the case of a nondegenerate Pαβ (cf. the discussion of the degenerate
cases below).
For fixed (nondegenerate) vαβ , all solutions of (4.43) are parametrized
by a Lorentz vector field fa on the coordinate space (φ,Xa):
F cα
β =
[
f cǫγβ −∇cvγβ
] vγα
2∆
(4.48)
Eq. (4.44) can be solved to determine vαβ2 in terms of v
αβ :
v2
αβ = − 1
4∆
vγ
δ
[
∇δγvαβ + cycl(αβγ)
]
(4.49)
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Multiplying (4.45) by vβ
γ yields
∆δβ
αv2 = vβ
δ
[
−∇δαv +∇cF bδαǫbc − (F cF b)δαǫbc
]
. (4.50)
The trace of (4.50) determines v2, which is thus seen to depend also on the
original bosonic potential v of (1.13).
Neither the vanishing traces of (4.50) multiplied with γ3 or with γa,
nor the identity (4.46) provide new restrictions in the present case. This
has been checked by extensive computer calculations [142], based upon the
explicit parametrization (4.25)–(4.33), which were necessary because of the
extreme algebraic complexity of this problem. It is a remarkable feature of
(4.48), (4.49) and (4.50) that the solution of the Jacobi identities for the
nondegenerate case can be obtained from algebraic equations only.
As explained at the end of Section 4.1.2 the fermionic extension of the
bosonic Casimir function c can be derived from {χα, C} = 0. The general
result for the nondegenerate case we note here for later reference
c2 = − 1
2∆
vα
β
(
−1
2
γ3β
α∂φ + F
d
β
α∂d
)
c. (4.51)
The algebra of full rank (2|2) with the above solution for F cαβ, v2αβ and
v2 depends on 6 independent functions v, v
αβ and fa and their derivatives.
The original bosonic model determines the ‘potential’ v in (1.2) or (1.13).
Thus the arbitrariness of vαβ and fa indicates that the supersymmetric
extensions, obtained by fermionic extension from the PSM, are far from
unique. This has been mentioned already in the previous section and we
will further illuminate it in the following one.
Degenerate Fermionic Sector, Rank (2|0)
For vanishing rank of Pαβ |, i.e. vαβ = 0, the identities (4.43) and (4.44) hold
trivially whereas the other Jacobi identities become complicated differential
equations relating F a, v and vαβ2 . However, these equations can again be
reduced to algebraic ones for these functions when the information on addi-
tional Casimir functions is employed, which appear in this case. These have
to be of fermionic type with the general ansa¨tze
C(+) = χ+
∣∣∣∣X−−X++
∣∣∣∣ 14 c(+), (4.52)
C(−) = χ−
∣∣∣∣X−−X++
∣∣∣∣− 14 c(−). (4.53)
The quotients X−−/X++ assure that c(±) are Lorentz invariant functions
of φ and Y . This is possible because the Lorentz boosts in two dimensions
do not mix chiral components and the light cone coordinates X±±.
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Taking a Lorentz covariant ansatz for the Poisson tensor as specified
in Section 4.2.1, C(+) and C(−) must obey {Xa, C(+)} = {Xa, C(−)} = 0.
Both expressions are linear in χα, therefore, the coefficients of χα have to
vanish separately. This leads to F a−+ = 0 and F a+− = 0 immediately. With
the chosen representation of the γ-matrices (cf. Appendix B) it is seen that
(4.30) is restricted to fab = 0, i.e. the potentials f(s), f(t), f(h) and f(a) have
to vanish. A further reduction of the system of equations reveals the further
conditions f(11) = 0
2 and
v = 4Y f(31). (4.54)
This leaves the differential equations for c(+) and c(−)(∇+ f(12) + f(32)) c(+) = 0, (4.55)(∇+ f(12) − f(32)) c(−) = 0. (4.56)
The brackets {χ+, C(+)} and {χ−, C(−)} are proportional to χ2; the resulting
equations require u˜2 = uˆ2 = 0. The only surviving term u2 of Pαβ is related
to F a via u2 = −f(12) as can be derived from {χ−, C(+)} = 0 as well as from
{χ+, C(−)} = 0, which are equations of order χ2 too.
Thus the existence of the fermionic Casimir functions (4.52) and (4.53)
has lead us to a set of algebraic equations among the potentials of the Lorentz
covariant ansatz for the Poisson tensor, and the number of independent
potentials has been reduced drastically. The final question, whether the
Jacobi identities are already fulfilled with the relations found so far finds a
positive answer, and the general Poisson tensor with degenerate fermionic
sector, depending on four parameter functions v(φ, Y ), v2(φ, Y ), f(12)(φ, Y )
and f(32)(φ, Y ) reads
Pab =
(
v +
1
2
χ2v2
)
ǫab, (4.57)
Pαb = v
4Y
Xb(χγ3)α − f(32)Xcǫcb(χγ3)α − f(12)Xcǫcbχα, (4.58)
Pαβ = −1
2
χ2f(12)γ
3αβ . (4.59)
This Poisson tensor possesses three Casimir functions: two fermionic ones
defined in regions Y 6= 0 according to (4.52) and (4.53), where c(+) and
c(−) have to fulfill the first order differential equations (4.55) and (4.56),
respectively, and one bosonic Casimir function C of the form (4.21), where c
is a solution of the bosonic differential equation (4.22)—note the definition
of ∇ therein—and where c2 has to obey(∇+ 2f(12)) c2 = v2∂Y c. (4.60)
2In fact f(11) vanishes in all cases, i.e. also for rank (2|2) and (2|1).
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Let us finally emphasize that it was decisive within this subsection to
use the information on the existence of Casimir functions. This follows
from the property of the bivector PIJ to be surface-forming, which in turn
is a consequence of the (graded) Jacobi identity satisfied by the bivector.
However, the inverse does not hold in general: Not any surface-forming
bivector satisfies the Jacobi identities. Therefore, it was necessary to check
their validity in a final step.
Degenerate Fermionic Sector, Rank (2|1)
When the fermionic sector has maximal rank one, again the existence of
a fermionic Casimir function is very convenient. We start with ‘positive
chirality’3. We choose the ansatz (cf. Appendix B)
Pαβ | = vαβ = iu˜Xc(γcP+)αβ =
( √
2u˜X++ 0
0 0
)
. (4.61)
The most general case of rank (2|1) can be reduced to (4.61) by a (target
space) transformation of the spinors. Negative chirality where P+ is re-
placed with P− is considered below. Testing the ansa¨tze (4.52) and (4.53)
reveals that C(−) now again is a Casimir function, but C(+) is not. In-
deed {χ+, C(+)}| ∝ u˜c(+) 6= 0 in general, whereas {χ+, C(−)}| ≡ 0 shows
that the fermionic Casimir function for positive chirality is C(−), where
c(−) = c(−)(φ, Y ) has to fulfill a certain differential equation, to be deter-
mined below.
The existence of C(−) can be used to obtain information about the un-
known components of PAB . Indeed an investigation of {XA, C(−)} = 0
turns out to be much simpler than trying to get that information directly
from the Jacobi identities. The bracket {Xa, C(−)} = 0 results in F a+− = 0
and from {χα, C(−)} = 0 the relation v2−− = 0 can be derived. This is the
reason why the ansatz (4.30) and (4.33), retaining (4.31) and (4.32), attains
the simpler form
F a = fa(1)1l + if
ab(γbP+) + f
a
(3)γ
3, (4.62)
fab = f(s)η
ab + f(t)X
aXb. (4.63)
Likewise for the χ2-component of Pαβ we set
v2
αβ = iu˜2X
c(γcP+)
αβ + u2γ
3αβ . (4.64)
Not all information provided by the existence of C(−) has been intro-
duced at this point. Indeed using the chiral ansatz (4.61) together with
3‘Positive chirality’ refers to the structure of (4.61). It does not preclude the coupling
to the negative chirality component χ− in other terms. A genuine chiral algebra (similar
to N = (1, 0) supergravity) is a special case to be discussed below in Section 4.6.6
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(4.62)–(4.64) the calculation of {Xa, C(−)} = 0 in conjunction with the Ja-
cobi identities Jαβc| = 0 (cf. (4.43)) requires f(11) = 0 and
v = 4Y f(31). (4.65)
It should be noted that the results f(11) = 0 and (4.65) follow from {χα, C} =
0 too, where C is a bosonic Casimir function. The remaining equation in
{Xa, C(−)} = 0 together with {χα, C(−)} = 0 yields u2 = −f(12). With the
solution obtained so far any calculation of {XA, C(−)} = 0 leads to one and
only one differential equation (4.56) which must be satisfied in order that
(4.53) is a Casimir function.
We now turn our attention to the Jacobi identities. The inspection of
J++c| = 0 (4.43), J+++|χ = 0 (4.44) and J+bc|χ = 0 (4.45) leads to the
conditions
f(32) =
1
2
(∇ ln |u˜|)− f(12) −
v
4Y
, (4.66)
u˜2 = f(∂Y ln |u˜|) + f(t), (4.67)
v2 =
(∇+ 2f(12) + (∂Y v)) fu˜ , (4.68)
respectively. In order to simplify the notation we introduced
f = f(s) + 2Y f(t). (4.69)
All other components of the Jacobi tensor are found to vanish identically.
The construction of graded Poisson tensors with ‘negative chirality’, i.e.
with fermionic sector of the form
Pαβ | = vαβ = iu˜Xc(γcP−)αβ =
(
0 0
0
√
2u˜X−−
)
, (4.70)
proceeds by the same steps as for positive chirality. Of course, the relevant
fermionic Casimir function is now C(+) of (4.52) and P+ in (4.62) and (4.64)
has to be replaced by P−. The results f(11) = 0, (4.65), (4.67) and (4.68)
remain the same, only f(32) acquires an overall minus sign,
f(32) = −
1
2
(∇ ln |u˜|) + f(12) +
v
4Y
, (4.71)
to be inserted in the differential equation (4.55) for c(+).
The results for graded Poisson tensors of both chiralities can be summa-
rized as (cf. (4.69))
Pab =
(
v +
1
2
χ2
[∇+ 2f(12) + (∂Y v)] fu˜
)
ǫab, (4.72)
Pαb = (χF b)α (4.73)
Pαβ = i
(
u˜+
1
2
χ2
[
f(∂Y ln |u˜|) + f(t)
])
Xc(γcP±)αβ − 1
2
χ2f(12)γ
3αβ.
(4.74)
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Eq. (4.73) reads explicitly
F b =
v
4Y
(Xb ±Xcǫcb)γ3 − 2f(12)XcǫcbP∓
+ if(s)(γ
bP±) + if(t)XbXc(γcP±)∓
1
2
(∇ ln |u˜|)Xcǫcbγ3. (4.75)
Eqs. (4.72)–(4.75) represent the generic solution of the gradedN = 1 Poisson
algebra of rank (2|1). In addition to v(γ, Y ) it depends on four parameter
functions u˜, f(12), f(s) and f(t), all depending on φ and Y .
Each chiral type possesses a bosonic Casimir function C = c + 12χ
2c2,
where c(φ, Y ) and c2(φ, Y ) are determined by ∇c = 0 and
c2 =
f∂Y c
u˜
. (4.76)
The fermionic Casimir function for positive chirality is C(−) and for neg-
ative chirality C(+) (cf. (4.53) and (4.52)), where c(∓)(φ, Y ) are bosonic
scalar functions solving the same differential equation in both cases when
eliminating f(32),(
∇+ 2f(12) +
v
4Y
− 1
2
(∇ ln |u˜|)
)
c(∓) = 0, (4.77)
derived from (4.56) with (4.66) and from (4.55) with (4.71).
4.3 Target space diffeomorphisms
When subjecting the Poisson tensor of the action (4.12) to a diffeomorphism
XI → X¯I = X¯I(X) (4.78)
on the target space N , another action of gPSM form is generated with the
new Poisson tensor
P¯IJ = (X¯I←∂K)PKL(
→
∂ LX¯
J ). (4.79)
It must be emphasized that in this manner a different model is created
with—in the case of 2d gravity theories and their fermionic extensions—
in general different bosonic ‘body’ (and global topology). Therefore, such
transformations are a powerful tool to create new models from available
ones. This is important, because—as shown in Section 4.2 above—the solu-
tion of the Jacobi identities as a rule represents a formidable computational
problem. This problem could be circumvented by starting from a simple
P¯IJ(X¯), whose Jacobi identities have been solved rather trivially. As a next
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step a transformation (4.78) is applied. The most general Poisson tensor
can be generated by calculating the inverse of the Jacobi matrices
JI
J¯(X) =
→
∂ IX¯
J , JI
K¯(J−1)K¯
J = δI
J , (4.80)
I I¯J(X) = X¯
I
←
∂J , (I
−1)IK¯I
K¯
J = δI
J . (4.81)
According to
P IJ(X) = (I−1)IK¯P¯
KL|X¯(X)(J−1)L¯J (4.82)
the components PIJ of the transformed Poisson tensor are expressed in
terms of the coordinates XI without the need to invert (4.78).
The drawback of this argument comes from the fact that in our problem
the (bosonic) part of the ‘final’ algebra is given, and the inverted version of
the procedure described here turns out to be very difficult to implement.
Nevertheless, we construct explicitly the diffeomorphisms connecting the
dilaton prepotential superalgebra given in Section 4.4.4 with a prototype
Poisson tensor in its simplest form, i.e. with a Poisson tensor with constant
components. Coordinates where the nonzero components take the values
±1 are called Casimir-Darboux coordinates. This immediately provides the
explicit solution of the corresponding gPSM too; for details cf. Section 4.7.
In addition, we have found target space diffeomorphisms very useful to
incorporate e.g. bosonic models related by conformal transformations. An
example of that will be given in Section 4.4.5 where an algebra referring
to models without bosonic torsion—the just mentioned dilaton prepotential
algebra—can be transformed quite simply to one depending quadratically
on torsion and thus representing a dilaton theory with kinetic term (Z 6= 0
in (1.3)) in its dilaton version. There the identification AI = (ω, ea, ψα)
with ‘physical’ Cartan variables is used to determine the solution of the
latter theory (Z 6= 0) from the simpler model (Z¯ = 0) with PSM variables
(X¯I , A¯I) by
AI = (
→
∂ IX¯
J )A¯J . (4.83)
Interesting information regarding the arbitrariness to obtain supersym-
metric extensions of bosonic models as found in the general solutions of
Section 4.2 can also be collected from target space diffeomorphisms. Imag-
ine that a certain gPSM has been found, solving the Jacobi identities with
a particular ansatz. A natural question would be to find out which other
models have the same bosonic body. For this purpose we single out at first
all transformations (4.78) which leave the components PAφ form invariant
as given by (1.12) and (4.1):
φ¯ = φ, X¯a = XbCb
a, χ¯α = χβhβ
α. (4.84)
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Here Cb
a and hβ
α are Lorentz covariant functions (resp. spinor matrices)
Cb
a = Lδb
a +Mǫb
a = cb
a +
1
2
χ2(c2)b
a, (4.85)
hβ
α =
[
h(1)1l + h(2)γ
3 + ih(3)X
cγc + ih(4)X
dǫd
cγc
]
β
α, (4.86)
when expressed in terms of χ2 (L = l + 12χ
2l2 and similar for M) and in
terms of φ and Y (l, l2, m, m2, h(i)).
The ‘stabilisator’ (P¯ab = Pab) of the bosonic component v(φ, Y ) =
v(φ¯, Y¯ ) of a graded Poisson tensor will be given by the restriction of cb
a
to a Lorentz transformation on the target space N with l2 − m2 = 1 in
(4.85). Furthermore from the two parameters h(1) and h(2) a Lorentz trans-
formation can be used to reduce them to one independent parameter. Thus
no less than five arbitrary two argument functions are found to keep the
bosonic part of Pab unchanged, but produce different fermionic extensions
with supersymmetries different from the algebra we started from. This num-
ber for rank (2|2) exactly coincides with the number of arbitrary invariant
functions found in Section 4.2.2. For rank (2|1) in the degenerate case a
certain ‘chiral’ combination of h(3) and h(4) in (4.86) must be kept fixed,
reducing that number to four—again in agreement with Section 4.2.2. In
a similar way also the appearance of just three arbitrary functions in Sec-
tion 4.2.2 for rank (2|0) can be understood.
4.4 Particular Poisson Superalgebras
The compact formulae of the last sections do not seem suitable for a general
discussion, especially in view of the large arbitrariness of gPSMs. We, there-
fore, elucidate the main features in special models of increasing complexity.
The corresponding actions and their relations to the alternative formulations
(1.1) and, or the dilaton theory form (1.3) will be discussed in Section 4.6.
4.4.1 Block Diagonal Algebra
The most simple ansatz which, nevertheless, already shows the generic fea-
tures appearing in fermionic extensions, consists in setting the mixed com-
ponents Pαb = 0 so that the nontrivial fermionic brackets are restricted to
the block Pαβ . Then (4.43)–(4.46) reduce to
∇cvαβ = 0, (4.87)
vδ
αv2
βγ +
1
2
γ3δ
α∂φv
βγ + cycl(αβγ) = 0, (4.88)
vδ
αv2 +
1
2
γ3δ
α∂φv = 0, (4.89)
v2ǫ
cd∂dv
αβ +∇cvαβ2 = 0. (4.90)
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Eq. (4.89) implies the spinorial structure
vαβ = uγ3αβ. (4.91)
The trace of (4.87) with γ3 leads to the condition (4.22) for u, i.e. u =
u(c(φ, Y )) depends on the combination of φ and Y as determined by the
bosonic Casimir function.
For u 6= 0 the remaining equations (4.88), (4.89) and (4.90) are fulfilled
by
vαβ2 = −
∂φu
2u
γ3αβ, v2 = −∂φv
2u
. (4.92)
For the present case according to (4.51) the Casimir function is
C = c− 1
2
χ2
∂φc
2u(c)
. (4.93)
It is verified easily that
U = u(C) = u(c) +
1
2
χ2u2, u2 = − ∂φc
2u(c)
du
dc
. (4.94)
Already in this case we observe that in the fermionic extension ∆−1, u−1
from the inverse of vαβ may introduce singularities. It should be emphasized
that u = u(c) is an arbitrary function of c(φ, Y ). Except for u = u0 = const
(see below) any generic choice of the arbitrary function u(c) by the factors
u−1 in (4.92), thus may introduce restrictions on the allowed range of φ and
Y or new singularities on a certain surface where u(c(φ, Y )) vanishes, not
present in the purely bosonic bracket. Indeed, these obstructions in cer-
tain fermionic extensions are a generic feature of gPSMs. The singularities
are seen to be caused here by ∆−1, the inverse of the determinant (4.47),
except for cases with ∆ = const or when special cancellation mechanisms
are invoked. Another source for the same phenomenon will appear below in
connection with the appearance of a ‘prepotential’ for v. Still, such ‘obstruc-
tions’ can be argued to be rather harmless. We will come back to these issues
in several examples below, especially when discussing an explicit solution in
Section 4.7.
This complication can be made to disappear by choosing u = u0 =
const 6= 0. Then the fermionic extension (v′ = ∂φv)
Pab =
(
v − 1
4u0
χ2v′
)
ǫab, (4.95)
Pαb = 0, (4.96)
Pαβ = u0γ3αβ (4.97)
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does not lead to restrictions on the purely bosonic part v(φ, Y ) of the Pois-
son tensor, nor does it introduce additional singularities, besides the ones
which may already be present in the potential v(φ, Y ). But then no genuine
supersymmetry survives (see Section 4.6.1 below).
It should be noted that all dilaton models mentioned in the introduction
can be accommodated in a nontrivial version u 6= const of this gPSM. We
shall call the corresponding supergravity actions their ‘diagonal extensions’.
4.4.2 Nondegenerate Chiral Algebra
Two further models follow by setting u = u0 = const 6= 0 and uˆ = ±u˜0 =
const. In this way a generalization with full rank of the chiral N = (1, 0)
and N = (0, 1) algebras is obtained (cf. Appendix B)
vαβ = iu˜0X
c(γcP±)αβ + u0γ3αβ . (4.98)
This particular choice for the coefficients of Xc in vαβ also has the advantage
that Xc drops out from ∆ = −u20/4, thus its inverse exists everywhere.
Restricting furthermore f c = 0 we arrive at
F cα
β = − iu˜0v
2u0
(γcP±)αβ, v2αβ = 0, v2 = − v
′
2u0
. (4.99)
This yields another graded Poisson tensor for the arbitrary bosonic potential
v(φ, Y )
Pab =
(
v − 1
4u0
χ2v′
)
ǫab, (4.100)
Pαb = − iu˜0v
2u0
(χγbP±)α, (4.101)
Pαβ = iu˜0Xc(γcP±)αβ + u0γ3αβ. (4.102)
There also are no obstructions for such models corresponding to any bosonic
gravity model, given by a particular choice of v(φ, Y ).
The Casimir function (cf. (4.51)) reads
C = c− 1
4u0
χ2c′, (4.103)
where c must obey (4.22).
4.4.3 Deformed Rigid Supersymmetry
The structure of rigid supersymmetry is encoded within the Poisson tensor
by means of the components v = 0 and (cf. (4.35))
vαβ = iu˜0X
cγc
αβ =
( √
2u˜0X
++ 0
0
√
2u˜0X
−−
)
, (4.104)
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where again u˜ = u˜0 = const 6= 0. Here ∆ = 2Y u˜20 and
1
∆
vαβ =
i
2Y u˜0
Xcγcαβ =
(
1√
2u˜0X++
0
0 1√
2u˜0X−−
)
. (4.105)
Generalizing this ansatz to v 6= 0, the simplest choice f c = 0 with an
arbitrary function v(φ, Y ) (deformed rigid supersymmetry, DRS) yields
F cα
β =
v
4Y
Xa(γaγ
cγ3)α
β, v2
αβ =
v
4Y
γ3αβ , v2 = 0, (4.106)
and thus for PIJ
Pab = vǫab, (4.107)
Pαb = v
4Y
Xc(χγcγ
bγ3)α, (4.108)
Pαβ = iu˜0Xcγcαβ + 1
2
χ2
v
4Y
γ3αβ , (4.109)
and for the Casimir function C = c with (4.22).
From (4.107)–(4.109) it is clear—in contrast to the algebras 4.4.1 and
4.4.2—that this fermionic extension for a generic v 6= 0 introduces a possible
further singularity at Y = 0, which cannot be cured by further assumptions
on functions which are still arbitrary.
Of course, in order to describe flat spacetime, corresponding to the Pois-
son tensor of rigid supersymmetry, one has to set v(φ, Y ) = 0. Then the
singularity at Y = 0 in the extended Poisson tensor disappears.
We remark already here that despite the fact that for v 6= 0 the cor-
responding supersymmetrically extended action functional (in contrast to
its purely bosonic part) becomes singular at field values Y ≡ 12XaXa = 0,
we expect that if solutions of the field equations are singular there as well,
such singularities will not be relevant if suitable ‘physical’ observables are
considered. We have in mind the analogy to curvature invariants which
are not affected by ‘coordinate singularities’. We do, however, not intend
to prove this statement in detail within the present thesis; in Section 4.7
below we shall only shortly discuss the similar singularities, caused by the
prepotential in an explicit solution of the related field-theoretical model.
4.4.4 Dilaton Prepotential Algebra
We now assume that the bosonic potential v is restricted to be a function of
the dilaton φ only, v˙ = ∂Y v = 0. Many models of 2d supergravity, already
known in the literature, are contained within algebras of this type, one of
which was described in ref. [129–132]. Let deformed rigid supersymmetry
of Section 4.4.3 again be the key component of the Poisson tensor (4.104).
Our attempt in Section 4.4.3 to provide a Poisson tensor for arbitrary v built
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around that component produced a new singularity at Y = 0 in the fermionic
extension. However, the Poisson tensor underlying the model considered
in [129–132] was not singular in Y . Indeed there exists a mechanism by
which this singularity can be cancelled in the general solution (4.47)–(4.50),
provided the arbitrary functions are chosen in a specific manner.
For this purpose we add to (4.104), keeping u˜ = u˜0 = const, the fermionic
potential u(φ),
vαβ = iu˜0X
cγc
αβ + uγ3αβ =
( √
2u˜0X
++ −u
−u √2u˜0X−−
)
, (4.110)
with determinant
∆ = 2Y u˜20 − u2. (4.111)
The Hamiltonian vector field
→
T c in the solution (4.48) generates a factor
f(t) 6= 0 in (4.33). The independent vector field f c can be used to cancel
that factor provided one chooses
f c =
1
2
u′Xc. (4.112)
Then the disappearance of f(t) is in agreement with the solution given in
ref. [131]. The remaining coefficient functions then follow as
F cα
β =
1
2∆
(
u˜20v + uu
′)Xa(γaγcγ3)αβ + iu˜0
2∆
(
uv + 2Y u′
)
γcα
β, (4.113)
v2
αβ =
1
2∆
(
u˜20v + uu
′) γ3αβ, (4.114)
v2 =
uv
2∆2
(
u˜20v + uu
′)+ uu′
2∆2
(
uv + 2Y u′
)
+
1
2∆
(
uv′ + 2Y u′v˙ + 2Y u′′
)
.
(4.115)
Up to this point the bosonic potential v and the potential u have been
arbitrary functions of φ. Demanding now that
u˜20v + uu
′ = 0, (4.116)
the singularity at ∆ = 0 is found to be cancelled not only in the respective
first terms of (4.113)–(4.115), but also in the rest:
v = −(u
2)′
2u˜20
, F cα
β =
iu′
2u˜0
γcα
β, (4.117)
v2
αβ = 0, v2 =
u′′
2u˜20
. (4.118)
Furthermore the fermionic potential u(φ) is seen to be promoted to a ‘pre-
potential’ for v(φ). A closer look at (4.116) with (4.111) shows that this
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relation is equivalent to ∇∆ = 0 which happens to be precisely the defining
equation (4.22) of the Casimir function c(φ, Y ) of the bosonic model. The
complete Casimir function follows from (4.51):
c2 =
1
2∆
(
u∂φ + 2Y u
′∂Y
)
c (4.119)
so that
C = ∆+
1
2
χ2u′. (4.120)
Thus the Poisson tensor for v = v(φ), related to u(φ) by (4.116), becomes
Pab = 1
2u˜20
(
−(u2)′ + 1
2
χ2u′′
)
ǫab, (4.121)
Pαb = iu
′
2u˜0
(χγb)α, (4.122)
Pαβ = iu˜0Xcγcαβ + uγ3αβ, (4.123)
which is indeed free from singularities produced by the supersymmetric ex-
tension. However, this does not eliminate all pitfalls: Given a bosonic model
described by a particular potential v(φ) where φ is assumed to take values
in the interval I ⊆ R, we have to solve (4.116) for the prepotential u(φ), i.e.
the quadratic equation
u2 = −2u˜20
∫ φ
φ0
v(ϕ)dϕ, (4.124)
which may possess a solution within the real numbers only for a restricted
range φ ∈ J . The interval J may have a nontrivial intersection with I
or even none at all. Clearly no restrictions occur if v contains a potential
for the dilaton which happens to lead to a negative definite integral on the
r.h.s. of (4.124) for all values of φ in I (this happens e.g. if v contains
only odd powers of φ with negative prefactors). On the other hand, the
domain of φ is always restricted if v contains even potentials, as becomes
immediately clear when viewing the special solutions given in Table 4.1.
There the different potentials v(φ) are labelled according to the models:
The string model with Λ = const of [85, 145, 146, 75, 97–104], JT is the
Jackiw-Teitelboim model (1.8), SRG the spherically reduced black hole (1.6)
in the conformal description (cf. Section 1); the cubic potential appeared in
[46], R2 gravity is self-explaining. Note that in the case of SRG I = J = R+
(φ > 0), there is already a (harmless) restriction on allowed values of φ at
the purely bosonic level, cf. (1.6).
So, as argued above, one may get rid of the singularities at Y = 0
of supersymmetric extensions obtained in the previous section. In some
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Model v(φ) = − (u2)′
2u˜20
u(φ)
0 u˜0λ
String −Λ ±u˜0
√
2Λ(φ− φ0)
JT −λ2φ u˜0λφ
R2 −α2φ2 ±u˜0
√
α
3 (φ
3 − φ30)
Howe −2λ2φ3 u˜0λφ2
¯SRG − λ2√
φ
2u˜0λ
4
√
φ
Table 4.1: Special Dilaton Prepotential Algebras
cases, however, this leads to a restricted range for allowed values of the
dilaton, or, alternatively, to complex valued Poisson tensors. Similarly to our
expectation of the harmlessness of the above mentioned 1/Y -singularities on
the level of the solutions (cf. also [132]), we expect that also complex-valued
Poisson tensors are no serious obstacle (both of these remarks apply to the
classical analysis only!). In fact, a similar scenario was seen to be harmless
(classically) also in the Poisson Sigma formulation of the G/G model for
compact gauge groups like SU(2), cf. [106, 147]. We further illustrate these
remarks for the class of supergravity models considered in [129–132] at the
end of Section 4.7.
4.4.5 Bosonic Potential Linear in Y
In order to retain the Y -dependence and thus an algebra with bosonic tor-
sion, we take solution (4.110)–(4.115) but instead of (4.116) we may also
choose
v = −(u
2)′
2u˜20
− ∆
2
f, (4.125)
where f is an arbitrary function of φ and Y . Thanks to the factor ∆ also
in this case the fermionic extension does not introduce new singularities at
∆ = 0.4 Even if f is a function of φ only (f˙ = 0), this model is quadratic
in (bosonic) torsion, because of (4.111). A straightforward calculation using
4Clearly also in (4.125) the replacement ∆f → G(∆, φ, Y ) with G(∆, φ, Y )/∆ regular
at ∆ = 0 has a similar effect. But linearity in ∆ is sufficient for our purposes.
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(4.125) gives
F cα
β = − u˜
2
0f
4
Xa(γaγ
cγ3)α
β + i
(
u′
2u˜0
− u˜0uf
4
)
γcα
β, (4.126)
v2
αβ = − u˜
2
0f
4
γ3αβ, (4.127)
v2 =
1
2
(
u′′
u˜20
− u′f − uf
′
2
+
u˜20uf
2
4
− 2Y u
′f˙
2
)
. (4.128)
It is worthwhile to note that the present algebra, where the bosonic po-
tential v is of the type (1.4), can be reached from the algebra of Section 4.4.4
with v¯ = v¯(φ¯) by a conformal transformation, i.e. a target space diffeomor-
phism in the sense of Section 4.3. We use bars to denote quantities and
potentials of the algebra of Section 4.4.4, but not for u˜0 because it remains
unchanged, i.e. v¯ = − (u¯2)′
2u˜20
. By
φ = φ¯, Xa = eϕ(φ)X¯a, χα = e
1
2
ϕ(φ)χ¯α, (4.129)
the transformed Poisson tensor, expanded in terms of unbarred coefficient
functions (cf. Section 4.2.1) becomes
u˜ = u˜0, u˜2 = 0, (4.130)
u = eϕu¯, u2 = −1
2
ϕ′, (4.131)
v = e2ϕv¯ − 2Y ϕ′, v2 = eϕ u¯
′′
2u˜20
, (4.132)
f(12) =
1
2
ϕ′, f(31) = −
1
2
ϕ′, (4.133)
f(s) = e
ϕ u¯
′
2u˜0
(4.134)
and f(11) = f(32) = f(t) = f(h) = 0. When u(φ) and ϕ(φ) are taken as basic
independent potentials we arrive at
v = − 1
2u˜20
e2ϕ
(
e−2ϕu2
)′ − 2Y ϕ′, (4.135)
v2 =
1
2u˜20
eϕ
(
e−ϕu
)′′
, (4.136)
f(s) =
1
2u˜0
eϕ
(
e−ϕu
)′
. (4.137)
If we set ϕ′ = u˜20f/2 we again obtain solution (4.125)–(4.128) for Y -inde-
pendent f . The components P¯aφ and P¯αφ remain form invariant,
Paφ = Xbǫba, Pαφ = −1
2
χβγ3β
α, (4.138)
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in agreement with the requirement determined for this case in Section 4.2.1.
For completeness we list the transformation of the 1-forms AI = (ω, ea, ψα)
according to (4.83)
ω = ω¯ − ϕ′
(
X¯be¯b +
1
2
χ¯βψ¯β
)
, ea = e
−ϕe¯a, ψα = e−
1
2
ϕψ¯α.
(4.139)
The second equation in (4.139) provide the justification for the name ‘con-
formal transformation’.
With the help of the scaling parameter ϕ we can write (4.135), and also
(4.125), in its equivalent form ∇(e−2ϕ∆) = 0, thus exposing the Casimir
function to be c(φ, Y ) = e−2ϕ∆. Now u(φ) and ϕ(φ) are to be viewed
as two independent parameter functions labelling specific types of Poisson
tensors. The solution
Pab =
(
− 1
2u˜20
e2ϕ
(
e−2ϕu2
)′ − 2Y ϕ′ + 1
4u˜20
χ2eϕ
(
e−ϕu
)′′)
ǫab, (4.140)
Pαb = −1
2
ϕ′Xa(χγaγbγ3)α +
i
2u˜0
eϕ
(
e−ϕu
)′
(χγb)α, (4.141)
Pαβ = iu˜0Xcγcαβ +
(
u− 1
4
χ2ϕ′
)
γ3αβ (4.142)
does not introduce a new singularity at Y = 0, but in order to provide
the extension of the bosonic potential (1.4) we have to solve (4.135) for the
scaling parameter ϕ(φ) and the fermionic potential u(φ), which may again
lead to obstructions similar to the ones described at the end of Section 4.4.4.
With the integrals over Z(φ) and V (φ) introduced in (4.24) we find
ϕ = −1
2
Q(φ), (4.143)
u = ±
√
−2u˜20e−Q(φ)W (φ). (4.144)
Now we can read off the restriction to be W (φ) < 0, yielding singularities
at the boundary W (φ) = 0. The ansatz (4.125) can be rewritten in the
equivalent form
∇(eQ∆) = 0⇔ c(φ, Y ) = eQ∆ = 2u˜20(Y eQ +W ). (4.145)
The complete Casimir from (4.51), which again exhibits the simpler form
(4.119), reads
C = eQ
(
∆+
1
2
χ2e−
1
2
Q
(
e
1
2
Qu
)′)
. (4.146)
As expected from ordinary 2d gravity C is conformally invariant.
Chapter 4. Supergravity from Poisson Superalgebras 77
Expressing the Poisson tensor in terms of the potentials V (φ) and Z(φ)
of the original bosonic theory, and with u(φ) as in (4.144) we arrive at
Pab =
(
V + Y Z − 1
2
χ2
[
V Z + V ′
2u
+
u˜20V
2
2u3
])
ǫab, (4.147)
Pαb = Z
4
Xa(χγaγ
bγ3)α − iu˜0V
2u
(χγb)α, (4.148)
Pαβ = iu˜0Xcγcαβ +
(
u+
Z
8
χ2
)
γ3αβ . (4.149)
As will be shown in Section 4.5.3 this provides a supersymmetrization for all
the dilaton theories (1.3), because it covers all theories (1.2) with v linear
in Y . Among these two explicit examples, namely SRG and the KV model,
will be treated in more detail now.
Spherically Reduced Gravity (SRG), Nondiagonal Extension I
In contrast to the KV-model below, no obstructions are found when (4.126)–
(4.128) with v given by (4.125) is used for SRG. For simplicity we take in
(1.5) the case d = 4 and obtain Q(φ) = −12 ln(φ), W (φ) = −2λ2
√
φ and
u = 2u˜0λ
√
φ, ϕ =
1
4
ln(φ), (4.150)
where u0 is a constant. Here already the bosonic theory is defined for φ > 0
only. From (4.140)–(4.142) in the Poisson tensor of SRG
P ab =
(
−λ2 − Y
2φ
− 3λ
32u˜0φ3/2
χ2
)
ǫab, (4.151)
Pαb = − 1
8φ
Xc(χγcγ
bγ3)α +
iλ
4
√
φ
(χγb)α, (4.152)
Pαβ = iu˜0X
cγc
αβ +
(
2u˜0λ
√
φ− 1
16φ
χ2
)
γ3αβ (4.153)
the singularity of the bosonic part simply carries over to the extension,
without introducing any new restriction for φ > 0.
The bosonic part of the Casimir function (4.146) is proportional to the
ADM mass for SRG.
Katanaev-Volovich Model (KV), Nondiagonal Extension I
The bosonic potential (1.7) leads to Q(φ) = αφ, thus ϕ = −α2φ, and
W (φ) =
∫ φ
φ0
eαη
(
β
2
η2 − Λ
)
dη = eαη
[
β
2
(
2
α3
− 2η
α2
+
η2
α
)
− Λ
α
]∣∣∣∣φ
φ0
.
(4.154)
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With u(φ) calculated according to (4.144) the Poisson tensor is
Pab =
(
β
2
φ2 − Λ+ αY + 1
2
χ2v2
)
ǫab, (4.155)
Pαb = α
4
Xa(χγaγ
bγ3)α
β − iu˜0
2u
(
β
2
φ2 − Λ
)
(χγb)α
β, (4.156)
Pαβ = iu˜0Xcγcαβ +
(
u+
α
8
χ2
)
γ3αβ, (4.157)
with
v2 = −
α
(
β
2φ
2 − Λ
)
+ βφ
2u
−
u˜20
(
β
2φ
2 − Λ
)2
2u3
. (4.158)
For general parameters α, β, Λ from (4.144) restrictions upon the range
of φ will in general emerge, if we do not allow singular and complex Poisson
tensors. It may even happen that no allowed interval for φ exists. In fact,
as we see from (4.158), in the present case, the ‘problem’ of complex-valued
Poisson tensors comes together with the ‘singularity-problem’.
On the other hand, for β ≤ 0 and Λ ≥ 0, where at least one of these
parameter does not vanish, the integrand in (4.154) becomes negative def-
inite, leading to the restriction φ > φ0 with singularities at φ = φ0. If we
further assume α > 0 we can set φ0 = −∞. In contrast to the torsionless
R2 model (see Table 4.1) the restriction for this particular case disappears
and the fermionic potential becomes
u = ±u˜0
√
− β
α3
(
(1− αφ)2 + 1
)
+
2Λ
α
. (4.159)
4.4.6 General Prepotential Algebra
This algebra represents the immediate generalization of the torsionless one
of Section 4.4.4, when (4.110) is taken for vαβ , but now with u depending
on both φ and Y . Here also v = v(φ, Y ). Again we have ∆ = 2Y u˜20 − u2.
By analogy to the step in Section 4.4.4 we again cancel the f(t) term (cf.
(4.33)) by the choice
f c =
1
2
(∇u)Xc. (4.160)
This yields
F cα
β =
1
2∆
(
u˜20v + u∇u
)
Xa(γaγ
cγ3)α
β +
iu˜0
2∆
(uv + 2Y∇u) γcαβ, (4.161)
v2
αβ =
1
2∆
((
u˜20v + u∇u
)
+ u˙ (uv + 2Y∇u)) γ3αβ , (4.162)
v2 =
uv
2∆2
(
u˜20v + u∇u
)
+
u∇u
2∆2
(uv + 2Y∇u)
+
1
2∆
(
uv′ + 2Y v˙∇u+ 2Y∇2u) . (4.163)
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The factors ∆−1, ∆−2 indicate the appearance of action functional sin-
gularities, at values of the fields where ∆ vanishes. Again we have to this
point kept u independent of v. In this case, even when we relate v and u by
imposing e.g.
u˜20v + u∇u = 0⇔ ∇∆ = 0⇔ c(φ, Y ) = ∆, (4.164)
in order to cancel the first terms in (4.161)–(4.163), a generic singularity
obstruction is seen to persist (previous remarks on similar occasions should
apply here, too, however).
4.4.7 Algebra with u(φ, Y ) and u˜(φ, Y )
For vαβ we retain (4.110), but now with both u and u˜ depending on φ and
Y . Again the determinant
∆ = 2Y u˜2 − u2 (4.165)
will introduce singularities. If we want to cancel the f(t) term (cf. (4.33)) as
we did in Section 4.4.4 and Section 4.4.6, we have to set here
f c =
1
2u˜
(u˜∇u− u∇u˜)Xc. (4.166)
This leads to
F c = −1
4
(∇ ln∆)Xaγaγcγ3 + 1
2
(∇ ln u˜)Xcγ3 + iu˜u
2∆
[
v + 2Y
(
∇ ln u
u˜
)]
γc.
(4.167)
Again we could try to fix u and u˜ suitably so as to cancel e.g. the first
term in (4.167):
−1
2
∇∆ = u˜2v + u∇u− 2Y u˜∇u˜ = 0. (4.168)
But then the singularity obstruction resurfaces in (cf. (4.168))
v =
∆′
∆˙
=
−uu′ + 2Y u˜u˜′
u˜2 − uu˙+ 2Y u˜ ˙˜u . (4.169)
Eq. (4.167) becomes
F c =
1
∆˙
(
u˜u˜′ − u
u˜
(
u˜′u˙− ˙˜uu′))Xcγ3 + i
∆˙
(
u˜u′ − 2Y (u˜′u˙− ˙˜uu′)) γc.
(4.170)
The general formulae for the Poisson tensor are not very illuminating.
Instead, we consider two special cases.
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Spherically Reduced Gravity (SRG), Nondiagonal Extension II
For SRG also e.g. the alternative
vSRG(φ, Y ) =
∆′
∆˙
(4.171)
exists, where u˜ and u are given by
u˜ =
u˜0
4
√
φ
, u = 2u˜0λ
4
√
φ , (4.172)
and u˜0 = const. The Poisson tensor is
P ab =
(
−λ2 − Y
2φ
− 3λ
32u˜0φ5/4
χ2
)
ǫab, (4.173)
Pαb = − 1
8φ
Xb(χγ3)α +
iλ
4
√
φ
(χγb)α, (4.174)
Pαβ =
iu˜0
4
√
φ
Xcγc
αβ + 2u˜0λ
4
√
φ γ3αβ . (4.175)
Regarding the absence of obstructions this solution is as acceptable as (and
quite similar to) (4.151)–(4.153). Together with the diagonal extension
implied by Section 4.4.1 and the nondegenerate chiral extension of Sec-
tion 4.4.2, these four solutions for the extension of the physically motivated
2d gravity theory in themselves represent a counterexample to the even-
tual hope that the requirement for nonsingular, real extensions might yield
a unique answer, especially also for a supersymmetric N = 1 extension of
SRG.
Katanaev-Volovich Model (KV), Nondiagonal Extension II
Within the fermionic extension treated now also another alternative version
of the KV case may be formulated. As for SRG in Section 4.4.7 we may
identify the bosonic potential (1.7) with
vKV(φ, Y ) =
∆′
∆˙
. (4.176)
Then u˜ and u must be chosen as
u˜ = u˜0e
α
2
φ, (4.177)
u = ±
√
−2u˜20W (φ), (4.178)
Chapter 4. Supergravity from Poisson Superalgebras 81
where u˜0 = const and W (φ) has been defined in (4.154). Instead of (4.155)–
(4.157) we then obtain
Pab =
(
β
2
φ2 − Λ+ αY + 1
2
χ2v2
)
ǫab, (4.179)
Pαb = α
4
Xb(χγ3)α
β − iu˜
2u
(
β
2
φ2 − Λ
)
(χγb)α
β , (4.180)
Pαβ = iu˜Xcγcαβ + uγ3αβ. (4.181)
with
v2 = −
α
(
β
2φ
2 − Λ
)
+ βφ
2u
−
u˜2
(
β
2φ
2 − Λ
)2
2u3
, (4.182)
which, however, is beset with the same obstruction problems as the nondi-
agonal extension I.
4.5 Supergravity Actions
The algebras discussed in the last section have been selected in view of their
application in specific gravitational actions.
4.5.1 First Order Formulation
With the notation introduced in Section 4.2.1, the identification (1.10), and
after a partial integration, the action (4.12) takes the explicit form (remem-
ber eA = (ea, ψα))
LgFOG =
∫
M
φdω +XaDea + χ
αDψα +
1
2
PABeBeA, (4.183)
where the elements of the Poisson structure by expansion in Lorentz covari-
ant components in the notation of Section 4.2.1 can be expressed explicitly
as (cf. (4.26)–(4.33))
1
2
PABeBeA = −1
2
U(ψγ3ψ)− i
2
U˜Xa(ψγaψ)− i
2
ÛXaǫa
b(ψγbψ)
+ (χF aeaψ) +
1
2
V ǫbaeaeb. (4.184)
Here F a ≡ F aβγ , the quantity of (4.30), provides the direct coupling of ψ
and χ, and D is the Lorentz covariant exterior derivative,
DXa = dXa +Xbωǫb
a, Dχα = dχα − 1
2
χβωγ3β
α. (4.185)
Of course, at this point the Jacobi identity had not been used as yet
to relate the arbitrary functions; hence the action functional (4.184) is not
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invariant under a local supersymmetry. On the other hand, when the Jacobi
identities restrict those arbitrary functions, the action (4.183) possesses the
local symmetries (4.15), where the parameters ǫI = (l, ǫa, ǫα) correspond
to Lorentz symmetry, diffeomorphism invariance and, in addition, to super-
symmetry, respectively. Nevertheless, already at this point we may list the
explicit supersymmetry transformations with parameter ǫI = (0, 0, ǫα) for
the scalar fields,
δφ =
1
2
(χγ3ǫ), (4.186)
δXa = −(χF aǫ), (4.187)
δχα = U(γ3ǫ)α + iU˜Xc(γcǫ)
α + iÛXdǫd
c(γcǫ)
α, (4.188)
and also for the gauge fields,
δω = U ′(ǫγ3ψ) + iU˜ ′Xb(ǫγbψ) + iÛ ′Xaǫab(ǫγbψ) + (χ∂φF bǫ)eb, (4.189)
δea = iU˜(ǫγaψ) + iÛǫa
b(ǫγbψ) + (χ∂aF
bǫ)eb
+Xa
[
U˙(ǫγ3ψ) + i
˙˜
UXb(ǫγbψ) + i
˙̂
UXbǫb
c(ǫγcψ)
]
, (4.190)
δψα = −Dǫα + (F bǫ)αeb
+ χα
[
u2(ǫγ
3ψ) + iu˜2X
b(ǫγbψ) + iuˆ2X
aǫa
b(ǫγbψ)
]
, (4.191)
with the understanding that they represent symmetries of the action (4.183)
only after the relations between the still arbitrary functions for some specific
algebra are implied. The only transformation independent of those functions
is (4.186).
4.5.2 Elimination of the Auxiliary Fields XI
We can eliminate the fields XI by a Legendre transformation. To sketch the
procedure, we rewrite the action (4.12) in a suggestive form as Hamiltonian
action principle (d2x = dx1 ∧ dx0)
L =
∫
M
d2x
(
XIA˙I −H(X,A)
)
, (4.192)
where XI should be viewed as the ‘momenta’ conjugate to the ‘velocities’
A˙I = ∂0A1I − ∂1A0I and AmI as the ‘coordinates’. Velocities A˙I and the
‘Hamiltonian’ H(X,A) = PJKA0KA1J are densities in the present defini-
tion. The second PSM field equation (4.14), in the form obtained when
varying XI in (4.192), acts as a Legendre transformation of H(X,A) with
respect to the variables XI ,
A˙I =
→
∂H(X,A)
∂XI
, (4.193)
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also justifying the interpretation of A˙I as conjugate to XI . When (4.193)
can be solved for all XI , we get XI = XI(A˙, A). Otherwise, not all of the
XI can be eliminated and additional constraints Φ(A˙, A) = 0 emerge. In the
latter situation the constraints may be used to eliminate some of the gauge
fields AI in favour of others. When all X
I can be eliminated the Legendre
transformed density
F(A˙, A) = XI(A˙, A)A˙I −H(X(A˙, A), A) (4.194)
follows, as well as the second order Lagrangian action principle
L =
∫
M
d2xF(A˙, A), (4.195)
where the coordinates AmI must be varied independently.
The formalism already presented applies to any (graded) PSM. If there
is an additional volume form ǫ on the base manifold M it may be desirable
to work with functions instead of densities. This is also possible if the vol-
ume is dynamical as in gravity theories, ǫ = ǫ(A), because a redefinition of
the velocities A˙I containing coordinates AmI but not momenta XI is always
possible, as long as we can interpret the field equations from varying XI as
Legendre transformation. In particular we use A˙I = ⋆dAI = ǫ
mn∂nAmI as
velocities and H(X,A) = ⋆
(−12PJKAKAJ) = 12P JKǫmnAnKAmJ as Hamil-
tonian function, yielding
L =
∫
M
ǫ
(
XIA˙I −H(X,A)
)
. (4.196)
Variation of XI leads to
A˙I =
→
∂H(X,A)
∂XI
. (4.197)
Solving this equation for XI = XI(A˙, A) the Legendre transformed function
F (A˙, A) = XI(A˙, A)A˙I −H(X(A˙, A), A) constitutes the action
L =
∫
M
ǫF (A˙, A). (4.198)
If the Poisson tensor is linear in the coordinates PJK = XIfIJK , where fIJK
are structure constants, (4.197) cannot be used to solve for XI , instead the
constraint A˙I − 12fIJKǫmnAnKAmJ = 0 appears, implying that the field
strength of ordinary gauge theory is zero. For a nonlinear Poisson tensor we
always have the freedom to move XI -independent terms from the r.h.s. to
the l.h.s. of (4.197), thus using this particular type of covariant derivatives
as velocities conjugate to the momenta XI in the Legendre transformation.
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This redefinition can already be done in the initial action (4.196) leading to
a redefinition of the Hamiltonian H(X,A).
In order to bring 2d gravity theories into the form (4.196), but with
covariant derivatives, it is desirable to split off φ-components of the Poisson
tensor and to define the ‘velocities’ (cf. (A.11) and (A.13) in Appendix A)
as
ρ := ⋆dω = ǫmn(∂nωm), (4.199)
τa := ⋆Dea = ǫ
mn(∂nema)− ωa, (4.200)
σα := ⋆Dψα = ǫ
mn
(
∂nψmα +
1
2
ωn(γ
3ψm)α
)
. (4.201)
Here ρ = R/2 is proportional to the Ricci scalar; τa and σα are the torsion
vector and the spinor built from the derivative of the Rarita-Schwinger field,
respectively. As a consequence the Lorentz connection ωm is absent in the
Hamiltonian,
V (φ,XA; emA) =
1
2
PBCǫmnenCemB = 1
e
PBCe0Ce1B , (4.202)
of the supergravity action
L =
∫
M
ǫ
(
φρ+Xaτa + χ
ασα − V (φ,XA; emA)
)
. (4.203)
4.5.3 Superdilaton Theory
As remarked already in Section 1, first order formulations of (bosonic) 2d
gravity (and hence PSMs) allow for an—at least on the classical level—
globally equivalent description of general dilaton theories (1.3). Here we
show that this statement remains valid also in the case of additional su-
persymmetric partners (i.e. for gPSMs). We simply have to eliminate the
Lorentz connection ωa and the auxiliary field X
a. Of course, also the va-
lidity of an algebraic elimination procedure in the most general case should
(and can) be checked by verifying that the correct e.o.m.s also follow from
the final action (4.212) or (4.213). (Alternatively to the procedure applied
below one may also proceed as in [79], performing two ‘Gaussian integrals’
to eliminate Xa and τa from the action). In fact, in the present section we
will allow also for Poisson structures characterized by a bosonic potential v
not necessarily linear in Y ≡ 12XaXa as in (1.4).
Variation of Xa in (4.183) yields the torsion equation
τa =
1
2
(∂aPAB)ǫmnenBemA. (4.204)
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From (4.204) using ω˜a := ⋆dea = ǫ
mn(∂nema) and τa = ω˜a−ωa (cf. (4.200))5
we get
ωa = ω˜a − 1
2
(∂aPAB)ǫmnenBemA. (4.205)
Using (4.205) to eliminate ωa the separate terms of (4.183) read
φdω = φdω˜ + ǫǫan(∂nφ)τa + total div., (4.206)
XaDea = ǫX
aτa, (4.207)
χαDψα = χ
αD˜ψα +
1
2
ǫǫan(χγ3ψn)τa, (4.208)
where τa = τa(X
I , emA) is determined by (4.204). The action, discarding
the boundary term in (4.206), becomes
L =
∫
M
d2xe
[
φρ˜+ χασ˜α − 1
2
PABǫmnenBemA
+
(
Xa + ǫar∂rφ+
1
2
ǫar(χγ3ψr)
)
1
2
(∂aPAB)ǫmnenBemA
]
. (4.209)
Here ρ˜ and σ˜ are defined in analogy to (4.199) and (4.201), but calculated
with ω˜a instead of ωa.
To eliminate Xa we vary once more with respect to δXb:[
Xa + ǫan(∂nφ) +
1
2
ǫan(χγ3ψn)
]
(∂b∂aPAB)ǫmnenBemA = 0. (4.210)
For (∂b∂aPAB)ǫmnenBemA 6= 0 this leads to the (again algebraic) equation
Xa = −ǫan
[
(∂nφ) +
1
2
(χγ3ψn)
]
(4.211)
for Xa. It determines Xa in a way which does not depend on the specific
gPSM, because (4.211) is nothing else than the e.o.m. for δω in (4.183).
We thus arrive at the superdilaton action for an arbitrary gPSM
L =
∫
M
φdω˜ + χαD˜ψα +
1
2
PAB
∣∣∣∣
Xa
eBeA, (4.212)
where |Xa means that Xa has to be replaced by (4.211). The action (4.212)
expressed in component fields
L =
∫
M
d2xe
[
φ
R˜
2
+ χασ˜α − 1
2
PAB
∣∣∣∣
Xa
ǫmnenBemA
]
(4.213)
5For specific supergravities it may be useful to base this separation upon a different
SUSY-covariant Lorentz connection ω˘a (cf. Section 4.6.4 and 4.6.5).
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explicitly shows the fermionic generalization of the bosonic dilaton theory
(1.3) for any gPSM. Due to the quadratic term X2 = XaXa in PAB the first
term in (4.211) provides the usual kinetic term of the φ-field in (1.3) if we
take the special case (1.4),
L = Ldil + Lf (4.214)
Lf =
∫
M
d2xe
[
χασ˜α − Z
2
(∂nφ)(χγ3ψn) +
Z
16
χ2(ψnψn)
+
1
2
χ2v2
∣∣∣∣
Xa
+ (χF a
∣∣∣∣
Xa
ǫa
mψm)− 1
2
Pαβ
∣∣∣∣
Xa
ǫmnψnβψmα
]
. (4.215)
However, (4.213) even allows an arbitrary dependence on X2 and a corre-
sponding dependence on higher powers of (∂nφ)(∂nφ). For the special case
where PAB is linear in Xa (4.209) shows that Xa drops out of that action
without further elimination. However, the final results (4.212) and (4.213)
are the same.
4.6 Actions for Particular Models
Whereas in Section 4.4 a broad range of solutions of graded Poisson algebras
has been constructed, we now discuss the related actions and their (even-
tual) relation to a supersymmetrization of (1.1) or (1.3). It will be found
that, in contrast to the transition from (1.2) to (1.3) the form (1.1) of the
supersymmetric action requires that the different functions in the gPSM
solution obey certain conditions which are not always fulfilled.
For example, in order to obtain the supersymmetrization of (1.1), φ and
Xa should be eliminated by a Legendre transformation. This is possible
only if the Hessian determinant of v(φ, Y ) with respect to Xi = (φ,Xa) is
regular,
det
(
∂2v
∂Xi∂Xj
)
6= 0. (4.216)
Even in that case the generic situation will be that no closed expression of
the form (1.1) can be given.
In the following subsections for each algebra of Section 4.4 the corre-
sponding FOG action (4.183), the related supersymmetry and examples of
the superdilaton version (4.213) will be presented. In the formulae for the
local supersymmetry we always drop the (common) transformation law for
δφ (4.186).
4.6.1 Block Diagonal Supergravity
The action functional can be read off from (4.183) and (4.184) for the Poisson
tensor of Section 4.4.1 (cf. (4.94) for U and (4.92) together with (4.29) to
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determine V ). It reads
LBDS =
∫
M
φdω +XaDea + χ
αDψα − 1
2
U(ψγ3ψ) +
1
2
V ǫbaeaeb, (4.217)
and according to (4.186)–(4.191) possesses the local supersymmetry
δXa = 0, δχα = U(γ3ǫ)α, (4.218)
δω = U ′(ǫγ3ψ), δea = XaU˙(ǫγ3ψ), δψα = −Dǫα + χαu2(ǫγ3ψ).
(4.219)
This transformation leads to a translation of χα on the hypersurface C =
const if u 6= 0. Comparing with the usual supergravity type symmetry (1.15)
we observe that the first term in δψα has the required form (1.15), but the
variation δea is quite different.
The fermionic extension (4.93) of the Casimir function (4.21) for this
class of theories implies an absolute conservation law C = c0 = const.
Whether the supersymmetric extension of the action of type (1.1) can
be reached depends on the particular choice of the bosonic potential v. An
example where the elimination of all target space coordinates φ, Xa and χα
is feasible and actually quite simple is R2-supergravity with v = −α2φ2 and
U = u0 = const.
6 The result in this case is (cf. Section 4.5.2 and especially
(4.203))
LR
2
=
∫
M
d2xe
[
1
8α
R˜2 − 2u0
R˜
σ˜ασ˜α +
u0
2
ǫnm(ψmγ
3ψn)
]
. (4.220)
Here the tilde in R˜ and σ˜α indicates that the torsion-free connection ω˜a =
ǫmn∂nema is used to calculate the field strengths. In supergravity it is not
convenient to eliminate the field φ. Instead it should be viewed as the
‘auxiliary field’ of supergravity and therefore remain in the action. Thus
eliminating only Xa and χα yields
LR
2
=
∫
M
d2xe
[
φ
R˜
2
− u0
αφ
σ˜ασ˜α − α
2
φ2 +
u0
2
ǫnm(ψmγ
3ψn)
]
. (4.221)
Also for SRG in d-dimensions (1.5) such an elimination is possible if
d 6= 4, d < ∞. However, interestingly enough, the Hessian determinant
vanishes just for the physically most relevant dimension four (SRG) and for
the DBH (1.9), preventing in this case a transition to the form (1.1).
The formula for the equivalent superdilaton theories (4.213) is presented
for the restriction (1.4) to quadratic torsion only, in order to have a direct
comparison with (1.3). The choice U = u0 = const yields
LBDA = Ldil + Lf (4.222)
6Clearly then no genuine supersymmetry is implied by (4.219). But we use this example
as an illustration for a complete elimination of different combinations of φ, Xa and χα.
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with the fermionic extension
Lf =
∫
M
d2xe
[
χασ˜α − Z
2
(∂nφ)(χγ3ψn) +
Z
16
χ2(ψnψn)
− 1
4u0
χ2
(
V ′ − Z
′
2
(∂nφ)(∂nφ)
)
+
u0
2
ǫmn(ψnγ
3ψm)
]
. (4.223)
It should be noted that this model represents a superdilaton theory for
arbitrary functions V (φ) and Z(φ) in (1.3).
4.6.2 Parity Violating Supergravity
The action corresponding to the algebra of Section 4.4.2 inserted into (4.183)
and (4.184) becomes
LPVS =
∫
M
φdω +XaDea + χ
αDψα + ǫ
(
v − 1
4u0
χ2v′
)
− iu˜0v
2u0
(χγaP±eaψ)− iu˜0
2
Xa(ψγaP±ψ)− u0
2
(ψγ3ψ), (4.224)
with local supersymmetry
δXa =
iu˜0v
2u0
(χγaP±ǫ), δχα = iu˜0Xb(γbP±ǫ)α + u0(γ3ǫ)α, (4.225)
as well as
δω = − iu˜0v
′
2u0
(χγbP±ǫ)eb, (4.226)
δea = iu˜0(ǫγaP±ψ)− iu˜0
2u0
Xav˙(χγ
bP±ǫ)eb, (4.227)
δψα = −Dǫα − iu˜0v
2u0
(γbP±ǫ)αeb, (4.228)
and the absolute conservation law (4.103). Here, in contrast to the model
of Section 4.6.1, the transformation law of ea essentially has the ‘canonical’
form (1.15).
As seen from the action (4.224) and the symmetry transformations the
two chiralities are treated differently, but we do not have the case of a
genuine chiral supergravity (cf. Section 4.6.6 below).
4.6.3 Deformed Rigid Supersymmetry
In this case with the algebra (4.107)–(4.109) we obtain
LDRS =
∫
M
φdω +XaDea + χ
αDψα + ǫv
+
v
4Y
Xa(χγ3γaγ
bebψ)− iu˜0
2
Xa(ψγaψ)− v
16Y
χ2(ψγ3ψ) (4.229)
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with local supersymmetry (4.186),
δXa = − v
4Y
Xb(χγbγ
aγ3ǫ), δχα = iu˜0X
b(γbǫ)
α +
1
2
χ2
v
4Y
(γ3ǫ)α,
(4.230)
and
δω =
( v
4Y
)′ [
Xc(χγcγ
bγ3ǫ)eb +
1
2
χ2(ǫγ3ψ)
]
, (4.231)
δea = iu˜0(ǫγaψ) +
v
4Y
(χγaγ
bγ3ǫ)eb
+Xa
( v
4Y
). [
Xc(χγcγ
bγ3ǫ)eb +
1
2
χ2(ǫγ3ψ)
]
, (4.232)
δψα = −Dǫα + v
4Y
[
Xc(γcγ
bγ3ǫ)αeb + χα(ǫγ
3ψ)
]
. (4.233)
Clearly, this model exhibits a ‘genuine’ supergravity symmetry (1.15).
As pointed out already in Section 4.4.3 the bosonic potential v(φ, Y ) is not
restricted in any way by the super-extension. However, a new singularity
of the action functional occurs at Y = 0. The corresponding superdilaton
theory can be derived along the lines of Section 4.5.3.
4.6.4 Dilaton Prepotential Supergravities
In its FOG version the action from (4.183) with (4.121)–(4.123) reads
LDPA =
∫
M
φdω +XaDea + χ
αDψα − 1
2u˜20
ǫ
(
(u2)′ − 1
2
χ2u′′
)
+
iu′
2u˜0
(χγaeaψ)− iu˜0
2
Xa(ψγaψ)− u
2
(ψγ3ψ), (4.234)
where u˜0 = const and the ‘prepotential’ u depends on φ only. The corre-
sponding supersymmetry becomes (4.186),
δXa = − iu
′
2u˜0
(χγaǫ), δχα = iu˜0X
b(γbǫ)
α + u(γ3ǫ)α, (4.235)
and further
δω = u′(ǫγ3ψ) +
iu′′
2u˜0
(χγbǫ)eb, (4.236)
δea = iu˜0(ǫγaψ), (4.237)
δψα = −Dǫα + iu
′
2u˜0
(γbǫ)αeb. (4.238)
Here we have the special situation of an action linear in Xa, described at
the end of Section 4.5.3. Variation of Xa in (4.234) leads to the constraint
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Dea − iu˜02 (ψγaψ) = 0. It can be used to eliminate the Lorentz connection,
i.e. ωa = ω˘a, where we introduced the SUSY-covariant connection
ω˘a := ǫ
mn(∂nema) +
iu˜0
2
ǫmn(ψnγaψm). (4.239)
The action reads
LDPA =
∫
M
d2xe
[
φ
R˘
2
+ χασ˘α − 1
2u˜20
(
(u2)′ − 1
2
χ2u′′
)
+
iu′
2u˜0
(χγmǫm
nψn) +
u
2
ǫmn(ψnγ
3ψm)
]
, (4.240)
where R˘ and σ˘ indicate that these covariant quantities are built with the
spinor dependent Lorentz connection (4.239).
The present model is precisely the one studied in [129–132]. In Sec-
tion 4.7 we give the explicit solution of the PSM field equations for this
model. The R2 model and the model of Howe will be treated in a little more
detail now.
R2 Model
The supersymmetric extension of R2-gravity, where v = −α2φ2, is obtained
with the general solution u = ±u˜0
√
α
3 (φ
3 − φ30) (cf. (4.124)).
In order to simplify the analysis we choose u = u˜0
√
α
3φ
3. The parameter
α can have both signs, implying the restriction on the range of the dilaton
field such that αφ > 0. Thus the superdilaton action (4.240) becomes
LR
2
=
∫
M
d2xe
[
φ
R˘
2
+ χασ˘α − α
2
φ2 +
1
16u˜0
χ2
√
3α
φ
+
3iα
4
√
φ
3α
(χγmǫm
nψn) +
u˜0
2
√
α
3
φ3 ǫmn(ψnγ
3ψm)
]
. (4.241)
The equation obtained when varying χα yields
χα = −8u˜0
√
φ
3α
σ˘α − 2iu˜0(ψnǫnmγm)α. (4.242)
Eliminating the χα field gives
LR
2
=
∫
M
d2xe
[
φ
R˘
2
− 4u˜0
√
φ
3α
σ˘ασ˘α − 2iu˜0φ(σ˘γmǫmnψn)− α
2
φ2
+
u˜0
4
√
α
3
φ3
(
3(ψnψn)− ǫmn(ψnγ3ψm)
)]
. (4.243)
Further elimination of φ requires the solution of a cubic equation for
√
φ
with a complicated explicit solution, leading to an equally complicated su-
pergravity generalization of the formulation (1.1) of this model.
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Model of Howe
The supergravity model of Howe [46], originally derived in terms of super-
fields, is just a special case of our generic model in the graded PSM approach.
Using for the various independent potentials the particular values
u˜0 = −2, u = −φ2 (4.244)
we obtain ∆ = 8Y − φ4 and for the other nonzero potentials (cf. (4.117),
(4.118))
v = −1
2
φ3, v2 = −1
4
, f(s) =
1
2
φ. (4.245)
The Lagrange density for this model in the formulation (1.2) is a special
case of (4.234):
LHowe =
∫
M
φdω +XaDea + χ
αDψα
+
1
2
φ2(ψγ3ψ) + iXa(ψγaψ) +
i
2
φ(χγaeaψ)− 1
2
ǫ
(
φ3 +
1
4
χ2
)
. (4.246)
The local supersymmetry transformations from (4.235)–(4.238) are
δXa = − i
2
φ(χγaǫ), δχα = −φ2(γ3ǫ)α − 2iXb(γbǫ)α, (4.247)
and
δω = −2φ(ǫγ3ψ) + i
2
(χγbǫ)eb, (4.248)
δea = −2i(ǫγaψ), (4.249)
δψα = −Dǫα + i
2
φ(γbǫ)αeb. (4.250)
Starting from the dilaton action (4.240) with (4.244) and (4.245), the
remaining difference to the formulation of Howe is the appearance of the
fermionic coordinate χα. Due to the quadratic term of χα in (4.246) we can
use its own algebraic field equations to eliminate it. Applying the Hodge-
dual yields
χα = 4σ˘α + 2iφ(γ
nǫn
mψm)α. (4.251)
Inserting this into the Lagrange density (4.246) and into the supersymmetry
transformations (4.186) as well as into (4.247)–(4.250) and identifying φ with
the scalar, usually interpreted as auxiliary field A, φ ≡ A, reveals precisely
the supergravity model of Howe. That model, in a notation almost identical
to the one used here, is also contained in [141], where a superfield approach
was used.
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4.6.5 Supergravities with Quadratic Bosonic Torsion
The algebra (4.147)–(4.149) in (4.183) leads to
LQBT =
∫
M
φdω +XaDea + χ
αDψα + ǫ
(
V +
1
2
XaXaZ +
1
2
χ2v2
)
+
Z
4
Xa(χγ3γaγ
bebψ)− iu˜0V
2u
(χγaeaψ)
− iu˜0
2
Xa(ψγaψ)− 1
2
(
u+
Z
8
χ2
)
(ψγ3ψ), (4.252)
with u(φ) determined from V (φ) and Z(φ) according to (4.144) and
v2 = − 1
2u
(
V Z + V ′ +
u˜20V
2
u2
)
. (4.253)
The special interest in models of this type derives from the fact that
because of their equivalence to the dilaton theories with dynamical dila-
ton field (cf. Section 4.5.3) they cover a large class of physically interesting
models. Also, as shown in Section 4.4.5 these models are connected by a
simple conformal transformation to theories without torsion, discussed in
Section 4.6.4.
Regarding the action (4.252) it should be kept in mind that calculating
the prepotential u(φ) we discovered the condition W (φ) < 0 (cf. (4.144)).
This excludes certain bosonic theories from supersymmetrization with real
actions, and it may lead to restrictions on φ, but there is even more informa-
tion contained in this inequality: It leads also to a restriction on Y . Indeed,
taking into account (4.23) we find
Y > c(φ, Y )e−Q(φ). (4.254)
The local supersymmetry transformations of the action (4.252) become
(4.186),
δXa = −Z
4
Xb(χγbγ
aγ3ǫ) +
iu˜0V
2u
(χγaǫ), (4.255)
δχα = iu˜0X
b(γbǫ)
α +
(
u+
Z
8
χ2
)
(γ3ǫ)α, (4.256)
and
δω =
(
− u˜
2
0V
u
− Zu
2
+
Z ′
8
χ2
)
(ǫγ3ψ) +
Z ′
4
Xa(χγ3γaγ
bǫ)eb
− u˜0
2u
(
V ′ +
V Z
2
+
u˜20V
2
u2
)
(χγbǫ)eb, (4.257)
δea = iu˜0(ǫγaψ) +
Z
4
(χγ3γaγ
bǫ)eb, (4.258)
δψα = −Dǫα + Z
4
Xa(γ3γaγ
bǫ)αeb − iu˜0V
2u
(γbǫ)αeb +
Z
4
χα(ǫγ
3ψ). (4.259)
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Finally, we take a closer look at the torsion condition. Variation of Xa
in (4.252) yields
Dea − iu˜0
2
(ψγaψ) +
Z
4
(χγ3γaγ
bebψ) + ǫXaZ = 0. (4.260)
For Z 6= 0 this can be used to eliminate Xa directly, as described in Sec-
tion 4.5.2 for a generic PSM. The general procedure to eliminate instead ωa
by this equation was outlined in Section 4.5.3. There, covariant derivatives
were expressed in terms of ω˜a. For supergravity theories it is desirable to use
SUSY-covariant derivatives instead. The standard covariant spinor depen-
dent Lorentz connection ω˘a was given in (4.239). However, that quantity
does not retain its SUSY-covariance if torsion is dynamical. Eq. (4.260)
provides such a quantity. Taking the Hodge dual, using (4.200) we find
ωa = ω˘a +XaZ, (4.261)
ω˘a ≡ ω˜a + iu˜0
2
ǫmn(ψnγaψm) +
Z
4
(χγ3γaγ
bǫb
nψn). (4.262)
Clearly, ωa possesses the desired properties (cf. (4.15)), but it is not the
minimal covariant connection. The last term in (4.261) is a function of the
target space coordinates XI only, thus covariant by itself, which leads to
the conclusion that ω˘a is the required quantity. Unfortunately, no generic
prescription to construct ω˘a exists however. The rest of the procedure of
Section 4.5.3 for the calculation of a superdilaton action starting with (4.206)
still remains valid, but with ω˘a of (4.262) replacing ω˜a.
We point out that it is essential to have the spinor field χα in the mul-
tiplet; just as φ has been identified with the usual auxiliary field of super-
gravity in Section 4.6.4, we observe that general supergravity (with torsion)
requires an additional auxiliary spinor field χα.
Spherically Reduced Gravity (SRG)
The special case (1.5) with d = 4 for the potentials V and Z in (4.252) yields
LSRG =
∫
M
φdω +XaDea + χ
αDψα − ǫ
(
λ2 +
1
4φ
XaXa +
3λ
32u˜0φ3/2
χ2
)
− 1
8φ
Xa(χγ3γaγ
bebψ) +
iλ
4
√
φ
(χγaeaψ)
− iu˜0
2
Xa(ψγaψ) − 1
2
(
2u˜0λ
√
φ− 1
16φ
χ2
)
(ψγ3ψ). (4.263)
We do not write down the supersymmetry transformations which follow
from (4.255)–(4.259). We just note that our transformations δea and δψα are
different from the ones obtained in [125]. There, the supergravity multiplet is
the same as in the underlying model [46], identical to the one of Section 4.6.4.
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The difference is related to the use of an additional scalar superfield in [125]
to construct a superdilaton action. Such an approach lies outside the scope
of the present thesis, where we remain within pure gPSM without additional
fields which, from the point of view of PSM are ‘matter’ fields.
Here, according to the general derivation of Section 4.5.3, we arrive at
the superdilaton action
LSRG = Ldil + Lf , (4.264)
with bosonic part (1.3) and the fermionic extension
Lf =
∫
M
d2xe
[
χασ˜α + iu˜0
{
(∂nφ) +
1
2
(χγ3ψn)
}
(ψnγ
mψm)
+
1
8φ
(∂nφ)(χγ3γmγnψm)− iλ
4
√
φ
(χγ3γmψm) + u˜0λ
√
φ ǫmn(ψnγ
3ψm)
− 1
32
χ2
{
1
φ
(ψnψn) +
1
φ
(ψnγnγ
mψm) +
3λ
u˜0φ3/2
+ ǫmn(ψnγ
3ψm)
}]
.
(4.265)
However, as already noted in the previous section, it may be convenient
to use the SUSY-covariant ω˘a (cf. (4.262)) instead of ω˜a, with the result:
LSRG =
∫
M
φdω˘+χαD˘ψα+
ǫ
4φ
[
(∂nφ)(∂nφ)+(∂
nφ)(χγ3ψn)+
1
8
χ2(ψnψn)
]
− ǫ
[
λ2 +
3λ
32u˜0φ3/2
χ2
]
+
iλ
4
√
φ
(χγaeaψ)− 1
2
[
2u˜0λ
√
φ− 1
16φ
χ2
]
(ψγ3ψ).
(4.266)
Katanaev-Volovich Model (KV)
The supergravity action (4.252) for the algebra of Section 4.4.5 reads
LKV =
∫
M
d2xe
[
φR +Xaτa + χ
ασα +
β
2
φ2 − Λ+ α
2
XaXa +
1
2
χ2v2
+
α
4
Xa(χγaγ
mψm)−
iu˜0
(
β
2φ
2 − Λ
)
2u
(χγmǫm
nψn)
+
iu˜0
2
Xaǫmn(ψnγaψm) +
1
2
(
u+
α
8
χ2
)
ǫmn(ψnγ
3ψm)
]
, (4.267)
where v2 and u were given in (4.158) and (4.159). It is invariant under the
local supersymmetry transformations (4.186) and
δXa = −α
4
Xb(χγbγ
aγ3ǫ) +
iu˜0
(
β
2φ
2 − Λ
)
2u
(χγaǫ), (4.268)
δχα = iu˜0X
b(γbǫ)
α +
(
u+
α
8
χ2
)
(γ3ǫ)α, (4.269)
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in conjunction with the transformations
δω =
− u˜20
(
β
2φ
2 − Λ
)
u
− αu
2
 (ǫγ3ψ)
− u˜0
2u
βφ+ α
(
β
2φ
2 − Λ
)
2
+
u˜20
(
β
2φ
2 − Λ
)2
u2
 (χγbǫ)eb, (4.270)
δea = iu˜0(ǫγaψ) +
α
4
(χγ3γaγ
bǫ)eb, (4.271)
δψα = −Dǫα + α
4
Xa(γ3γaγ
bǫ)αeb −
iu˜0
(
β
2φ
2 − Λ
)
2u
(γbǫ)αeb +
α
4
χα(ǫγ
3ψ)
(4.272)
of the gauge fields.
The explicit formula for the superdilaton action may easily be obtained
here, the complicated formulae, however, are not very illuminating. It turns
out that δω and δψα contain powers u
k, k = −3, . . . , 1. Therefore, singu-
larities related to the prepotential formulae (4.144) also affect these trans-
formations.
4.6.6 N = (1, 0) Dilaton Supergravity
The case where one chiral component in χα (say χ−) decouples from the
theory is of special interest among the degenerate algebras of Section 4.2.2
and 4.2.2.
We adopt the solution (4.72)–(4.75) for the Poisson algebra accordingly.
To avoid a cross term of the form (χ−ψ+) appearing in Paβψβea = (χF aeaψ)
we have to set f(s) = f(t) = 0. Similarly f(12) = 0 cancels a (χ
−χ+)-term in
1
2Pαβψβψα. Furthermore we choose u˜ = u˜0 = const:
L =
∫
M
φdω +X++De++ +X
−−De−− + χ+Dψ+ + χ−Dψ−
+ ǫv +
v
2Y
X−−e−−(χ+ψ+ − χ−ψ−) + u˜0√
2
X++ψ+ψ+ (4.273)
The chiral components χ− and ψ− can be set to zero consistently. The
remaining local supersymmetry has one parameter ǫ+ only:
δφ =
1
2
(χ+ǫ+), (4.274)
δX++ = 0, δX−− = − v
2Y
X−−(χ+ǫ+), (4.275)
δχ+ =
√
2u˜0X
++ǫ+, δχ
− = 0, (4.276)
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and
δω =
v′
2Y
X−−e−−(χ+ǫ+), (4.277)
δe++ = −
√
2u˜0(ǫ+ψ+) +X++
( v
2Y
).
X−−e−−(χ+ǫ+), (4.278)
δe−− =
v
2Y
e−−(χ+ǫ+) +X−−
( v
2Y
).
X−−e−−(χ+ǫ+), (4.279)
δψ+ = −Dǫ+ + v
2Y
X−−e−−, δψ− = 0. (4.280)
4.7 Solution of the Dilaton Supergravity Model
For the dilaton prepotential supergravity model of Section 4.6.4 [129–132]
the Poisson algebra was derived in Section 4.4.4. The PSM field equa-
tions (4.13) and (4.14) simplify considerably in Casimir-Darboux coordi-
nates which can be found explicitly here, as in the pure gravity PSM. This
is an improvement as compared to [132] where only the existence of such
target coordinates was used.
We start with the Poisson tensor (4.121)–(4.123) in the coordinate sys-
tem XI = (φ,X++,X−−, χ+, χ−). The algebra under consideration has
maximal rank (2|2), implying that there is one bosonic Casimir function C.
Rescaling (4.120) we choose here
C = X++X−− − u
2
2u˜20
+
1
2
χ2
u′
2u˜20
. (4.281)
In regions X++ 6= 0 we use C instead of X−− as coordinate in target space
(X−− → C). In regions X−− 6= 0 X++ → C is possible.
Treating the former case explicitly we replace X++ → λ = − ln |X++| in
each of the two patches X++ > 0 and X++ < 0. This function is conjugate
to the generator of Lorentz transformation φ (cf. (1.12))
{λ, φ} = 1. (4.282)
The functions (φ, λ,C) constitute a Casimir-Darboux coordinate system for
the bosonic sector [57, 105, 106]. Now our aim is to decouple the bosonic
sector from the fermionic one. The coordinates χα constitute a Lorentz
spinor (cf. (4.1)). With the help of X++ they can be converted to Lorentz
scalars, i.e. {χ˜(±), φ} = 0,
χ+ → χ˜(+) = 1√|X++|χ+, χ− → χ˜(−) =√|X++|χ−. (4.283)
A short calculation for the set of coordinates (φ, λ,C, χ˜(+), χ˜(−)) shows that
{λ, χ˜(+)} = 0 but {λ, χ˜(−)} = − σu′√
2u˜0
χ˜(+), where σ := sign(X++). The
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redefinition
χ˜(−) → ˜˜χ(−) = χ˜(−) + σu√
2u˜0
χ˜(+) (4.284)
yields {λ, ˜˜χ(−)} = 0 and makes the algebra block diagonal. For the fermionic
sector
{χ˜(+), χ˜(+)} = σ
√
2u˜0, (4.285)
{ ˜˜χ(−), ˜˜χ(−)} = σ
√
2u˜0C, (4.286)
{χ˜(+), ˜˜χ(−)} = 0 (4.287)
is obtained. We first assume that the Casimir function C appearing explic-
itly on the r.h.s. of (4.286) is invertible. Then the redefinition
˜˜χ(−) → χ˘(−) = 1√|C| ˜˜χ(−) (4.288)
can be made. That we found the desired Casimir-Darboux system can be
seen from
{χ˘(−), χ˘(−)} = sσ
√
2u˜0. (4.289)
Here s := sign(C) denotes the sign of the Casimir function. In fact we could
rescale χ˘(−) and χ˜(+) so as to reduce the respective right hand sides to ±1;
the signature of the fermionic 2 × 2 block cannot be changed however. In
any case, we call the local coordinates X¯I := (φ, λ,C, χ˜(+), χ˘(−)) Casimir-
Darboux since the respective Poisson tensor is constant, which is the relevant
feature here. Its non-vanishing components can be read off from (4.282),
(4.285) and (4.289).
Now it is straightforward to solve the PSM field equations. Bars are
used to denote the gauge fields A¯I = (A¯φ, A¯λ, A¯C , A¯(+), A¯(−)) corresponding
to the coordinates X¯I . The first PSM e.o.m.s (4.13) then read
dφ− A¯λ = 0, (4.290)
dλ+ A¯φ = 0, (4.291)
dC = 0, (4.292)
dχ˜(+) + σ
√
2u˜0A¯(+) = 0, (4.293)
dχ˘(−) + sσ
√
2u˜0A¯(−) = 0. (4.294)
These equations decompose in two parts (which is true also in the case of
several Casimir functions). In regions where the Poisson tensor is of constant
rank we obtain the statement that any solution of (4.13) and (4.14) lives
on symplectic leaves which is expressed here by the differential equation
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(4.292) with the one-parameter solution C = c0 = const. Eqs. (4.290)–
(4.294) without (4.292) are to be used to solve for all gauge fields excluding
the ones which correspond to the Casimir functions, thus excluding A¯C in
our case. Note that this solution is purely algebraic. The second set of
PSM equations (4.14) again split in two parts. The equations dA¯φ = dA¯λ =
dA¯(+) = dA¯(−) = 0 are identically fulfilled, as can be seen from (4.290)–
(4.294). To show this property in the generic case the first PSM equations
(4.13) in conjunction with the Jacobi identity of the Poisson tensor have to
be used. The remainder of the second PSM equations are the equations for
the gauge fields corresponding to the Casimir functions. In a case as simple
as ours we find, together with the local solution in terms of an integration
function F (x) (taking values in the commuting supernumbers),
dA¯C = 0 ⇒ A¯C = −dF. (4.295)
The explicit solution for the original gauge fields AI = (ω, ea, ψα) is
derived from the target space transformation AI = (∂IX¯
J )A¯J , but in order
to compare with the case C = 0 we introduce an intermediate step and
give the solution in coordinates X˜I = (φ, λ,C, χ˜(+), ˜˜χ(−)) first. With A˜I =
(A˜φ, A˜λ, A˜C , A˜(+), A˜(−)) the calculation A˜I = (∂˜IX¯J)A¯J yields
A˜φ = −dλ, A˜λ = dφ, A˜(+) = −
σ√
2u˜0
dχ˜(+), (4.296)
and
A˜C = −dF + σ
2
√
2u˜0C2
˜˜χ(−)d ˜˜χ(−), A˜(−) = −
σ√
2u˜0C
d ˜˜χ(−). (4.297)
This has to be compared with the case C = 0. Obviously, the fermionic
sector is no longer of full rank, and ˜˜χ(−) is an additional, fermionic Casimir
function as seen from (4.286) and also from the corresponding field equation
d ˜˜χ(−) = 0. (4.298)
Thus, the X˜I are Casimir-Darboux coordinates on the subspace C = 0.
The PSM e.o.m.s in barred coordinates still are of the form (4.290)–(4.293).
Therefore, the solution (4.296) remains unchanged, but (4.297) has to be
replaced by the solution of dA˜C = 0 and dA˜(−) = 0. In terms of the bosonic
function F (x) and an additional fermionic function ρ(x) the solution is
A˜C = −dF, A˜(−) = −dρ. (4.299)
Collecting all formulae the explicit solution for the original gauge fields
AI = (ω, ea, ψα) calculated with AI = (∂IX˜
J )A˜J reads (cf. Appendix B.1
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for the definition of ++ and −− components of Lorentz vectors)
ω =
dX++
X++
+ V A˜C +
σu′√
2u˜0
χ˜(+)A˜(−), (4.300)
e++ = − dφ
X++
+X−−A˜C
+
1
2X++
[
σ√
2u˜0
χ˜(+)dχ˜(+) +
(
χ˜(−) − σu√
2u˜0
χ˜(+)
)
A˜(−)
]
, (4.301)
e−− = X++A˜C , (4.302)
ψ+ = − u
′
2u˜20
χ−A˜C − σ√
2u˜0
1√|X++|
(
dχ˜(+) − uA˜(−)
)
, (4.303)
ψ− =
u′
2u˜20
χ+A˜C +
√
|X++|A˜(−). (4.304)
A˜C and A˜(−) are given by (4.297) for C 6= 0 and by (4.299) for C = 0.
For C 6= 0 our solution depends on the free function F and the coordinate
functions (φ,X++,X−−, χ+, χ−) which, however, are constrained by C =
c0 = const according to (4.281). For C = 0 the free functions are F and
ρ. The coordinate functions (φ,X++,X−−, χ+, χ−) here are restricted by
C = 0 in (4.281) and by ˜˜χ(−) = const.
This solution holds for X++ 6= 0; an analogous set of relations can be
derived exchanging the role of X++ and X−−.
The solution (cf. (4.301) and (4.302)) is free from coordinate singularities
in the line element, exhibiting a sort of ‘super Eddington-Finkelstein’ form.
For special choices of the potentials v(φ) or the related prepotential u(φ) we
refer to Table 4.1.
This provides also the solution for the models with quadratic bosonic tor-
sion of Section 4.6.5 by a further change of variables (4.129) with parameter
(4.143). Its explicit form is calculated using (4.139).
As of now we did not use the gauge freedom. Actually, in supergrav-
ity theories this is generically not that easy, since the fermionic part of the
symmetries are known only in their infinitesimal form (the bosonic part
corresponds on a global level to diffeomorphisms and local Lorentz trans-
formations). This changes in the present context for the case that Casimir-
Darboux coordinates are available. Indeed, for a constant Poisson tensor
the otherwise field-dependent, nonlinear symmetries (4.15) can be integrated
easily: Within the range of applicability of the target coordinates, X¯I may
be shifted by some arbitrary function (except for the Casimir function C,
which, however, was found to be constant over M), and A¯C may be re-
defined by the addition of some exact part. The only restrictions to these
symmetries come from nondegeneracy of the metric (thus e.g. A˜C should not
be put to zero, cf. (4.302)). In particular we are thus allowed to put both
χ˜(+) and χ˘(−) to zero in the present patch, and thus, if one follows back the
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transformations introduced, also the original fields χ±. Next, in the patches
with X++ 6= 0, we may fix the local Lorentz invariance by X++ := 1 and the
diffeomorphism invariance by choosing φ and F as local coordinates on the
spacetime manifold M. The resulting gauge fixed solution agrees with the
one found in the original bosonic theory, cf. e.g. [59]. This is in agreement
with the general considerations of [132], here however made explicit.
A final remark concerns the discussion following (4.124): As noted there,
for some choices of the bosonic potential v the potential u becomes complex
valued if the range of φ is not restricted appropriately. It is straightforward
to convince oneself that the above formulae are still valid in the case of
complex valued potentials u (i.e. complex valued Poisson tensors). Just in
intermediary steps, such as (4.284), one uses complex valued fields (with
some reality constraints). The final gauge fixed solution, however, is not
affected by this, being real as it should be.
Chapter 5
PSM with Superfields
So far the question is still open how the supergravity models derived using
the graded PSM approach (cf. Chapter 4 above) fit within the superfield
context. The former approach relies on a Poisson tensor of a target space,
but in the superfield context of Chapter 2 there was no such structure, even
worse, there was no target space at all. The connection can be established
by extending the gPSM to superspace.
5.1 Outline of the Approach
5.1.1 Base Supermanifold
It is suggestive to enlarge the two-dimensional base manifoldM with coordi-
nates xm to become a four-dimensional supermanifold SM parametrized by
coordinates zM = (xm, θµ). We do not modify the target space N , where we
retain still the coordinates XI = (φ,Xa, χα) and the Poisson tensor PIJ (X)
as in Chapter 4. When we consider the map SM → N in coordinate repre-
sentation, we obtain the superfields XI(z) = XI(x, θ), which we expand as
usual
XI(z) = XI(x) + θµXµ
I(x) +
1
2
θ2X2
I(x). (5.1)
It is important to note that there is no change of the Poisson tensor of the
model. If we want to calculate the equations of the PSM apparatus the only
thing we have to do with the Poisson tensor is to evaluate it at X(z), i.e.
PIJ(X(z)).
In the PSM with base manifold M we had the gauge fields AI . These
former 1-forms on M are now promoted to 1-superforms on SM,
AI(z) = dz
MAMI(z). (5.2)
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The enlargement of the base manifold thus added further gauge fields to the
model. Beside the already known ones,
AmI = (ωm, ema, ψmα), (5.3)
the new fields
AµI = (ωµ, eµa, ψµα) (5.4)
are obtained.
Because we don’t know the PSM action for base manifolds of dimension
other than two, nor do we know the action for base supermanifolds, the fur-
ther analysis rests solely on the properties of the PSM equations of motion.
The observation that neither the closure of the PSM field equations nor its
symmetries depend on the underlying base manifold but only on the Jacobi
identities of the Poisson tensor makes this possible. The field equations in
superspace read
dXI + PIJAJ = 0, (5.5)
dAI +
1
2
(∂IPJK)AKAJ = 0, (5.6)
and the symmetry transformations with parameters (ǫI) = (l, ǫa, ǫα), which
are now functions on SM, ǫI = ǫI(z), are given by
δXI = PIJǫJ , (5.7)
δAI = −dǫI − (∂IPJK)ǫKAJ . (5.8)
Collecting indices by introducing a superindex A = (a, α) the superviel-
bein
EMA =
(
ema ψmα
eµa ψµα
)
(5.9)
can be formed. The vielbein em
a therein is invertible per definition and
we assume further that ψµ
α possesses this property too. Lorentz indices
are raised and lowered with metric ηab, spinor indices with ǫαβ so that the
space spanned by the coordinates XA is equipped with the direct product
supermetric
ηAB =
(
ηab 0
0 ǫαβ
)
. (5.10)
This allows to raise and lower A-type indices, EM
A = ηABEMB . The inverse
supervielbein fulfills EA
MEM
B = δA
B .
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5.1.2 Superdiffeomorphism
Our next task is to recast superdiffeomorphism of the base manifold SM
into PSM symmetry transformations with parameter ǫI . Let
δzM = −ξM (z) (5.11)
be the infinitesimal displacement of points on SM by a vector superfield
ξM (z) = ξM (x) + θµξµ
M (x) +
1
2
θ2ξ2
M (x). (5.12)
The transformations of the fields XI(z) under (5.11),
δXI(z) = −ξM(z)∂MXI(z), (5.13)
can be brought to the form (5.7) by taking the field equations (5.5) into
account, in components they read ∂MX
I = −PIJAMJ(−1)M(I+J), and by
the choice
ǫI(z) = ξ
M (z)AMI(z) (5.14)
for the PSM symmetry parameters. To confirm (5.14) the transformations
δAI have to be considered in order to rule out the arbitrariness ǫI → ǫI+∂IC
which does not change the transformation rules (5.7) of XI .
If we want to go the other way and choose ǫA(z) as the primary transfor-
mation parameters, the corresponding ξM (z) can be derived from ǫA(z) =
ξM (z)EMA(z) due to the invertibility of the supervielbein, but note that we
have to accommodate for an additional ǫA(z)-dependent Lorentz transfor-
mation in order to recast superdiffeomorphism:
ξM (ǫA(z); z) = ǫ
A(z)EA
M (z), (5.15)
l(ǫA(z); z) = ǫ
A(z)EA
M (z)ωM (z). (5.16)
5.1.3 Component Fields
The component fields of supergravity in the superfield formulation can be
restored by solving the PSM field equations partly. This can be achieved
by separating the ∂ν derivatives in the PSM field equations (5.5) and (5.6).
From (5.5)
∂νX
I(z) + PIJ (X(z))AνJ (z)(−1)I+J = 0 (5.17)
is obtained. To zeroth order in θ this equation expresses Xµ
I(x) (cf. (5.1))
in terms of XI(x) and AνJ(x) = AνJ(x, 0). For the same purpose we choose
∂νAµI(z) + ∂µAνI(z)− ∂IPJK |X(z)AµK(z)AνJ (z)(−1)K = 0, (5.18)
∂νAmI(z) + ∂mAνI(z) + ∂IPJK |X(z)AmK(z)AνJ (z)(−1)I+J = 0 (5.19)
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from the field equations (5.6). The equations (5.17), (5.18) and (5.19) can be
solved simultaneously order by order in θ, therefore expressing higher order
θ-components of XI(z), AmI(z) and AµI(z) in terms of X
I(x), AmI(x),
AµI(x), (∂[νAµ]I)(x) and (∂mAµI)(x), (∂m∂[νAµ]I)(x).
Counting one x-space field as one degree of freedom there are 16 indepen-
dent symmetry parameters in the vector superfield ξM (z), the same gauge
degree of freedom as in ǫA(z) = (ǫa(z), ǫα(z)), and there are 4 independent
parameters in the Lorentz supertransformation l(z) = ǫφ(z). In summary
20 gauge degrees of freedom are found in the set of superfield parameters
ǫI(z) = (l(z), ǫa(z), ǫα(z)). This huge amount of x-space symmetries can be
broken by gauging some component fields of the newly added fields (5.4).
In particular we impose the conditions
ωµ|θ=0 = 0, eµa|θ=0 = 0, ψµα|θ=0 = ǫµα, (5.20)
∂[νωµ]|θ=0 = 0, ∂[νeµ]a|θ=0 = 0, ∂[νψµ]α|θ=0 = 0. (5.21)
This gauge conditions turn out to be identical to the ones of the superfield
formulation cf. Section 2.3.2 and 2.5.3.
Counting the number of gauged x-space fields we obtain 10 for (5.20)
and 5 for (5.21), thus reducing the number of independent x-field symmetry
parameters to 5. These transformations are given by ǫI(x) = ǫI(x, θ = 0),
where local Lorentz rotation, local translation and local supersymmetry can
be identified within the parameter set ǫI(x) = (l(x), ǫa(x), ǫα(x)). Alter-
natively, one could use ξM (x) instead of ǫA(x) (cf. Section 5.1.2 before) to
account for translation and supersymmetry. All θ-components of ǫI(z) can
be determined from the PSM symmetries (5.8),
δAµI (z) = −∂µǫI(z)− ∂IPJK |X(z)ǫKAµJ(−1)I+J , (5.22)
when the gauge fixing conditions (5.20) and (5.21) for AµI are taken into
account.
5.2 Rigid Supersymmetry
The Poisson tensor of rigid supersymmetry is
Paφ = Xbǫba, Pαφ = −1
2
χβγ3β
α, (5.23)
Pαβ = 2ic˜Xaγaαβ + 2cγ3αβ , (5.24)
Pab = 0, Paβ = 0, (5.25)
where c and c˜ are constant.
Choosing the gauge conditions (5.20) and (5.21) we can solve (5.17) for
XI(z) at once. In order to make notations more transparent we drop the
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arguments of the functions and place a hat above a symbol, if it is meant to
be a function of z, otherwise with no hat it is a function of x only. We get
φˆ = φ+
1
2
(θγ3χ)− 1
2
θ2c, (5.26)
Xˆa = Xa, (5.27)
χˆα = χα + 2ic˜Xa(θγa)
α + 2c(θγ3)α. (5.28)
Solving (5.18) yields AµI(z),
ωˆµ = 0, (5.29)
eˆµa = −ic˜(θγa)µ, (5.30)
ψˆµα = ǫµα, (5.31)
and finally we get the component fields of AmI(z) using (5.19),
ωˆm = ωm, (5.32)
eˆma = ema − 2ic˜(θγaψm), (5.33)
ψˆmα = ψmα − 1
2
ωm(θγ
3)α. (5.34)
The inverse of the supervielbein EˆM
A, cf. (5.9), is given by EˆA
M with
the components
Eˆa
m = ea
m + ic˜(θγmψa)− 1
2
θ2 c˜2(ψaγ
nγmψn), (5.35)
Eˆa
µ = −ψaµ − ic˜(θγnψa)ψnµ + 1
2
ωa(θγ
3)µ
+
1
2
θ2
[
c˜2(ψaγ
nγmψn)ψm
µ +
i
2
c˜ωn(ψaγ
nγ3)µ
]
, (5.36)
Eˆα
m = ic˜(θγm)α − 1
2
θ2 c˜2(γnγmψn)α, (5.37)
Eˆα
µ = δα
µ − ic˜(θγn)αψnµ + 1
2
θ2
[
c˜2(γnγmψn)αψm
µ +
i
2
c˜ωn(γ
nγ3)α
µ
]
.
(5.38)
The chosen gauge restricts the symmetry parameters ǫI(z) due to the
variations (5.22), from which we get
lˆ = l, (5.39)
ǫˆa = ǫa + 2ic˜(ǫγaθ), (5.40)
ǫˆα = ǫα − 1
2
l(θγ3)α. (5.41)
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Using (5.15) and (5.16) we calculate the world sheet transformations
corresponding to above parameters. For parameter ǫa(x) only, we get
ξˆm = ǫaEˆa
m, ξˆµ = ǫaEˆa
µ, lˆ = ǫaEˆa
mωm. (5.42)
ξˆm = ǫaea
m − ic˜ǫa(ψaγmθ)− 1
2
θ2 c˜2ǫa(ψaγ
nγmψn), (5.43)
ξˆµ =
1
2
ǫaωa(θγ
3)µ − ǫaψaµ + ic˜ǫa(ψaγnθ)ψnµ
+
1
2
θ2
[
c˜2ǫa(ψaγ
nγmψn)ψm
µ +
i
2
c˜ωnǫ
a(ψaγ
nγ3)µ
]
, (5.44)
lˆ = ǫaωa − ic˜ǫa(ψaγmθ)ωm − 1
2
θ2 c˜2ǫa(ψaγ
nγmψn)ωm. (5.45)
Making a supersymmetry transformation with parameter ǫα(x) yields
ξˆm = ic˜(ǫγmθ) +
1
2
θ2 c˜2(ǫγnγmψn), (5.46)
ξˆµ = ǫµ − ic˜(ǫγnθ)ψnµ + 1
2
θ2
[
−c˜2(ǫγnγmψn)ψmµ − i
2
c˜ωn(ǫγ
nγ3)µ
]
,
(5.47)
lˆ = ic˜(ǫγmθ)ωm +
1
2
θ2 c˜2(ǫγnγmψn)ωm. (5.48)
Finally, for Lorentz transformations with parameter l(x) the correct repre-
sentation in superspace is
ξˆm = 0, ξˆµ = −1
2
l(θγ3)µ, lˆ = l. (5.49)
When analyzing (5.43)–(5.45) we recognize that a ǫa(x)-transformation
creates a pure bosonic diffeomorphism on the world sheet, δxm = −ηm(x),
with parameter ηm(x) = ǫa(x)ea
m(x), a Lorentz transformation with param-
eter l(x) = ǫa(x)ωa(x) and a supersymmetry transformation with parameter
ǫα(x) = −ǫa(x)ψaα(x). We can go the other way and impose a bosonic dif-
feomorphism δxm = −ηm(x). Then using ǫˆI = ηmAˆmI (cf. (5.14)) we obtain
lˆ = ηmωm, (5.50)
ǫˆa = η
mema + 2ic˜η
m(ψmγaθ), (5.51)
ǫˆα = η
mψmα − 1
2
ηmωm(θγ
3)α, (5.52)
where we see that we not only get an ǫa-transformation but also a Lorentz
and a supersymmetry transformation.
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Finally we note the transformations of the scalars XI(x),
δφ = −Xbǫbaǫa − 1
2
(ǫγ3χ), (5.53)
δXa = lXbǫb
a, (5.54)
δχα = −1
2
l(χγ3)α − 2ic˜Xa(ǫγa)α − 2c(ǫγ3)α, (5.55)
and the transformations of the gauge fields AmI(x),
δωm = −∂ml, (5.56)
δema = −Dmǫa − lǫabemb + 2ic˜(ǫγaψm), (5.57)
δψmα = −Dmǫα + 1
2
l(γ3ψm)α. (5.58)
We can see that there is nothing new, because this is just the result that we
had for a PSM with the purely bosonic base manifold M. The same is true
for the remaining superspace PSM equations. They are just the same as in
the simpler model with world sheet M.
5.3 Supergravity Model of Howe
In order to establish the connection between the superfield method of Chap-
ter 2 and the graded PSM approach of Chapter 4 explicitly we choose the
well-known supergravity model of Howe [46]. It was derived with superfield
methods, further developments can be found in [138–141]. For the purposes
needed here a summary of the superfield expressions for that model was
given in Section 2.3.
The corresponding Poisson tensor for the Howe model has been derived
in Chapter 4:
Pαβ = iu˜0Xaγaαβ + u˜0λφ2γ3αβ (5.59)
Pαb = iλφ(χγb)α (5.60)
Pab =
(
−2λ2φ3 + λ
2u˜0
χ2
)
ǫab (5.61)
Here λ and u˜0 are constant. For Paφ and Pαφ we refer to (4.25) in Sec-
tion 4.2.1, where also the ansatz of the Poisson tensor (4.26)–(4.34) defining
the various potentials can be found. The Poisson tensor was derived in
Section 4.4.4, in particular the prepotential u(φ) was given in Table 4.1.
The corresponding PSM action and its symmetries are to be found in Sec-
tion 4.6.4.
With the Wess-Zumino type gauge conditions (5.20) and (5.21) the PSM
field equation (5.17) can be solved for XI(z) at once. In order to make
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notations more concise the arguments of the functions are dropped and
replaced by a hat above a symbol to signalize that it is a function of z,
otherwise with no hat it is a function of x only. We obtain
φˆ = φ+
1
2
(θγ3χ)− λu˜0
4
θ2φ2, (5.62)
Xˆa = Xa − iλφ(θγaχ)− λu˜0
2
θ2φXa, (5.63)
χˆα = χα + iu˜0X
a(θγa)
α + λu˜0φ
2(θγ3)α +
3λu˜0
4
θ2φχα. (5.64)
Solving (5.18) yields AµI(z),
ωˆµ = −λu˜0φ(θγ3)µ, (5.65)
eˆµa = − iu˜0
2
(θγa)µ, (5.66)
ψˆµα =
(
1 +
λu˜0
4
θ2φ
)
ǫµα, (5.67)
and AmI(z) derived from (5.19) reads,
ωˆm = ωm + iλ(θγmχ)− 2λu˜0φ(θγ3ψm)
+
λu˜0
2
θ2
[
Xm − φωm + 1
2
(χψm)
]
, (5.68)
eˆma = ema − iu˜0(θγaψm)− λu˜0
2
θ2φema, (5.69)
ψˆmα = ψmα − 1
2
ωm(θγ
3)α + iλφ(θγm)α
+
1
2
θ2
[
3λu˜0
2
φψmα − iλ
2
(χγmγ
3)α
]
. (5.70)
The choice λ = 12 and u˜0 = −2 together with the identification of the
dilaton as the supergravity auxiliary field φ = A (cf. also Section 4.6.4)
should lead to the superfield expressions obtained in Section 2.3.1. Indeed,
(5.65), (5.66) and (5.67) are already identical to the formulae (2.105), (2.90)
and (2.91), respectively. The same is true for (5.69) as a comparison to
(2.88) confirms, but Xm and χ
α are present in (5.68) and (5.70) which do
not show up directly in (2.104) and (2.89). Furthermore ωm in (5.68) and
(5.70) is an independent x-space field, but in supergravity from superspace
only the dependent connection ω˘m (cf. (2.84)) is left over.
First we take a closer look at ωm and Xm: To zeroth order in θ the
superspace field equations (5.5) and (5.6) reduce to the ones of graded PSM
where the underlying base manifold is two-dimensional, so that the consid-
erations of Chapter 4 apply. Especially we refer to Section 4.5.3 where a
uniform way to eliminate ωm and X
a at once was offered. From (4.205) for
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the class of dilaton prepotential supergravities (cf. Section 4.6.4) to which
the Poisson tensor considered here belongs the result was already derived
and given in (4.239). This is identical to (2.84) as required. For Xa the ex-
pression (4.211) was obtained, which does not rely on a particular Poisson
tensor at all.
Once the equivalence ω ≡ ω˘ is established and after replacing Xa in
(5.68) by (4.211) it remains to show that
χα = − u˜0
λ
σ˘α, (5.71)
where σ˘α was given by (2.86). The reader should be aware of the fact that σ˘α
was defined without the auxiliary scalar field in Chapter 4, cf. also (4.201)
and (4.251). Actually (5.71) is a PSM field equation. To zeroth order in θ
in (5.6) the x-space differential form equation
Dψα + iλφ(γ
aeaψ)α +
λ
u˜0
ǫχα = 0 (5.72)
is contained, from which (5.71) is derived.
To summarize: with ω ≡ ω˘ (cf. (4.239)), Xa given by (4.211), and
with χα as in (5.71) the superconnection (5.68) and the Rarita-Schwinger
superfield (5.70) become to be identical to the ones obtained from superspace
constraints namely (2.104) and (2.89).
Chapter 6
Conclusion
In Chapter 2 a new formulation of the superfield approach to general super-
gravity has been established which allows nonvanishing bosonic torsion. It
is based upon the new minimal set of constraints (2.156) for N = (1, 1) su-
perspace. The computational problems which would occur for nonvanishing
torsion following the approach of the seminal work of Howe [46] are greatly
reduced by working in terms of a special decomposition of the supervielbein
in terms of superfields Bm
a, Bµ
α, Φµ
m and Ψm
µ (cf. (2.69) and (2.70)).
In Section 2.5.4 the component fields in the Wess-Zumino type gauge
(2.189) and (2.190) were derived explicitly for the decompositon superfields
as well as for the supervielbein and the Lorenz superconnection. They also
turned out to be expressed by an additional, new multiplet {ka, ϕmα, ωm}
consisting of a vector field, a spin-vector and the Lorentz connection, be-
sides the well-known supergravity multiplet {ema, ψmα, A} consisting of the
zweibein, the Rarita-Schwinger field and a scalar A.
The Bianchi identities have shown that the scalar superfield S, already
present in the Howe model, is accompanied by a vector superfield Ka.
Together they represent the independent and unconstrained superfields of
supertorsion and supercurvature (cf. (2.173)–(2.177)). Since the compo-
nent fields transform with respect to the correct local diffeomorphisms, lo-
cal Lorentz and supersymmetry transformations, a generic superfield La-
grangian is a superscalar built from S and Ka, multiplied by the superde-
terminant of EM
A. With that knowledge one could produce the immediate
generalization of two-dimensional gravity with torsion [54, 55], but the ex-
plicit derivation of the component field content of supertorsion and supercur-
vature turned out to be extremely cumbersome. That goal may be attained
with the help of a computer algebra program [142] in future investigations.
In the course of introducing the PSM concept we also presented (Chap-
ter 3) a new extension of that approach, where the singular Poisson structure
of the PSM is embedded into a symplectic one. In this connection we also
showed how the general solution of the field equations can be obtained in a
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systematic manner.
In Chapter 4 the extension of the concept of Poisson Sigma Models
(PSM) to the graded case [129, 130, 132] has been explored in some detail
for the application in general two-dimensional supergravity theories, when
a dilaton field is present. Adding one (N = 1) or more (N > 1) pairs of
Majorana fields representing respectively a target space (spinor) variable
χα and a related ‘gravitino’ ψm
α, automatically leads to a supergravity
with local supersymmetry closing on-shell. Our approach yields the minimal
supermultiplets, avoiding the imposition and evaluation of constraints which
is necessary in the superfield formalism. Instead we have to solve Jacobi
identities, which the (degenerate) Poisson structure PAB of a PSM must
obey. In our present work we have performed this task for the full N =
1 problem. The solution for the algebras turns out to be quite different
according to the rank (defined in Section 4.2.2) of the fermionic extension,
but could be reduced essentially to an algebraic problem—despite the fact
that the Jacobi identities represent a set of nonlinear first order differential
equations in terms of the target space coordinates.
In this argument the Casimir functions are found to play a key role. If
the fermionic extension is of full rank that function of the corresponding
bosonic PSM simply generalizes to a quantity C, taking values in the (com-
muting) supernumbers, because a quadratic contribution of χα is included
(cf. (4.21)). If the extension is not of full rank, apart from the commuting C
also anticommuting Casimir functions of the form (4.52) and (4.53) appear.
In certain cases, but not in general, the use of target space diffeomor-
phisms (cf. Section 4.3) was found to be a useful tool for the construction of
the specific algebras and ensuing supergravity models. The study of ‘stabil-
isators’, target space transformations which leave an initially given bosonic
algebra invariant, also clarified the large arbitrariness (dependence of the
solution on arbitrary functions) found for the Poisson superalgebras and the
respective supergravity actions.
Because of this we have found it advisable to study explicit special-
ized algebras and supergravity theories of increasing complexity (Section 4.4
and 4.6). Our examples are chosen in such a way that the extension of
known bosonic 2d models of gravity, like the Jackiw-Teitelboim model [92–
96], the dilaton black-hole [59–61, 80–84], spherically symmetric gravity, the
Katanaev-Volovich model [54, 55], R2-gravity and others could be covered
(cf. Section 4.6). The arbitrariness referred to above has the consequence
that in all cases examples of several possible extensions can be given. For a
generic supergravity, obtained in this manner, obstructions for the allowed
values of the bosonic target space coordinates emerge. Certain extensions
are even found to be not viable within real extensions of the bosonic algebra.
We identified two sources of these problems: the division by a certain de-
terminant (cf. (4.47)) in the course of the (algebraic) solution of the Jacobi
identities and the appearance of a ‘prepotential’ which may be nontrivially
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related to the potential in the original PSM. Our hopes for the existence of
an eventual criterion for a reduction of the inherent arbitrariness, following
from the requirement that such obstructions should be absent, unfortunately
did not materialize: e.g. for the physically interesting case of an extension of
spherically reduced Einstein gravity no less than four different obstruction-
free supergravities are among the examples discussed here, and there exist
infinitely more.
The PSM approach for 2d gravities contains a preferred formulation of
gravity as a ‘first order’ (in derivatives) action (1.2) in the bosonic, as well
as in the supergravity case (Section 4.5).
In this formulation the target space coordinates XI = (φ,Xa, χα) of the
gPSM are seen to coincide with the momenta in a Hamiltonian action. A
Hamiltonian analysis is not pursued in our present work. Instead we discuss
the possibility to eliminate XI in part or completely.
The elimination of Xa is possible in the action of a generic supergravity
PSM together with a torsion dependent part of the spin connection. We show
that in this way the most general superdilaton theory with usual bosonic part
(1.3) and minimal content of fermionic fields in its extension (the Majorana
spinor χα as partner of the dilaton field φ, and the 1-form ‘gravitino’ ψα) is
produced.
By contrast, the elimination of the dilaton field φ and/or the related
spinor χα can only be achieved in particular cases. Therefore, these fields
should be regarded as substantial ingredients when extending a bosonic 2d
gravity action of the form (1.1), depending on curvature and torsion.
The supergravity models whose bosonic part is torsion-free (Z = 0 in
(1.2) with (1.4), or in (1.3)) have been studied before [129–132]. Specializ-
ing the potential v(φ) and the extension appropriately, one arrives at the
supersymmetric extension of the R2-model (v = −α2φ2) and the model of
Howe (v = −12φ3) [46] originally derived in terms of superfields (cf. also
[141]). In the latter case the ‘auxiliary field’ A is found to coincide with the
dilaton field φ. It must be emphasized, though, that in the PSM approach
all these models are obtained by introducing a cancellation mechanism for
singularities and ensuing obstructions (for actions and solutions in the real
numbers).
When the bosonic model already contains torsion in the PSM form (1.2)
or when, equivalently, Z 6= 0 in (1.3) an extension of a conformal transfor-
mation to a target space diffeomorphism in the gPSM allows an appropriate
generalization of the models with Z = 0. Our discussion of spherically sym-
metric gravity (1.5) and of the Katanaev-Volovich model (1.7) show basic
differences. Whereas no new obstruction appears for the former ‘physical’
theory (φ > 0), as already required by (1.5), the latter model develops
a problem with real actions, except when the parameters α, β and Λ are
chosen in a very specific manner.
We also present a field theoretic model for a gPSM with rank (2|1),
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when only one component of the target space spinor χα is involved. Its
supersymmetry only contains one anticommuting function so that this class
of models can be interpreted as N = (1, 0) supergravity.
Finally (Section 4.7) we make the general considerations of [132] more
explicit by giving the full (analytic) solution to the class of models summa-
rized in the two preceding paragraphs. It turns out to be sufficient to discuss
the case Z = 0, because Z 6= 0 can be obtained by conformal transforma-
tion. Our formulation in terms of Casimir-Darboux coordinates (including
the fermionic extension) allows the integration of the infinitesimal supersym-
metry transformation to finite ones. Within the range of applicability for
the target space coordinates XI this permits a gauging of the target space
spinors to zero. In this sense supergravities (without matter) are ‘trivial’.
However, as stressed in the introduction, such arguments break down when
(supersymmetric) matter is coupled to the model.
Finally, in Chapter 5 the relations between the superfield approach and
the gPSM one are discussed. Taking the Howe model as an explicit example
the auxiliary field A in Howe’s model is identified with the dilaton field φ
which appears already in the bosonic theory. In this manner also the relation
to the first oder formulation [56–58, 71, 79, 62, 63] is clarified.
This leads us to an outlook on possible further applications. There is a
multitude of directions for future work suggested by our present results. We
only give a few examples.
Clearly starting from any of the models described here, its supertrans-
formations could be used—at least in a trial-and-error manner as in the
original d = 4 supergravity [31–35]—to extend the corresponding bosonic
action [131].
The even simpler introduction of matter in the form of a scalar ‘testparti-
cle’ in gravity explicitly (or implicitly) is a necessary prerequisite for defining
the global manifold geometrically to its geodesics (including null directions).
We believe that a (properly defined) spinning testparticle would be the ap-
propriate instrument for 2d supergravity (cf. e.g. [53]). ‘Trivial’ supergravity
should be without influence on its (‘super’)-geodesics. This should work in
the same way as coordinate singularities are not felt in bosonic gravity.
Another line of investigation concerns the reduction of d ≥ 4 super-
gravities to a d = 2 effective superdilaton theory. In this way it should
perhaps be possible to nail down the large arbitrariness of superdilaton
models, when—as in our present work—this problem is regarded from a
strictly d = 2 point of view. It can be verified in different ways that the
introduction of Killing spinors within such an approach inevitably leads to
complex fermionic (Dirac) components. Thus 2d (dilatonic) supergravities
with N ≥ 2 must be considered. As explained in Section 4.1 also for this
purpose the gPSM approach seems to be the method of choice. Of course,
the increase in the number of fields, together with the restrictions of the
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additional SO(N) symmetry will provide an even more complicated struc-
ture. Already for N = 1 we had to rely to a large extent on computer-aided
techniques.
Preliminary computations show that the ‘minimal’ supergravity actions,
provided by the PSM approach, also seem to be most appropriate for a
Hamiltonian analysis leading eventually to a quantum 2d supergravity, ex-
tending the analogous result for a purely bosonic case [57, 79, 86, 71, 87].
The role of the obstruction for real supersymmetric extensions, encountered
for some of the models within this thesis, will have to be reconsidered care-
fully in this context.
Appendix A
Forms and Gravity
We use the characters a, b, c, . . . to denote Lorentz indices and m,n, l, . . .
to denote world indices, both types take the values (0, 1). For the Kro-
necker symbol we write δa
b ≡ δba and for later convenience we also define the
generalized Kronecker symbol
ǫˆcdab := δ
c
aδ
d
b − δdaδcb = ǫˆabǫˆcd, (A.1)
where ǫˆ01 ≡ ǫˆ01 := 1 is the alternating ǫ-symbol.
In d = 2 our Minkowski metric is
ηab = η
ab =
(
1 0
0 −1
)
, (A.2)
and for the antisymmetric ǫ-tensor we set ǫab := ǫˆab and consistently ǫ
ab =
−ǫˆab, so that
ǫab = −ǫab =
(
0 1
−1 0
)
. (A.3)
It obeys
ǫabǫ
cd = δa
dδb
c − δacδbd, ǫabǫbc = δac, ǫabǫba = 2, (A.4)
and ǫa
b is also the generator of Lorentz transformations in d = 2. The
totally antisymmetric tensor and the Minkowskian metric satisfy the Fierz-
type identity
ηabǫcd + ηdaǫbc + ηcdǫab + ηbcǫda = 0, (A.5)
which allows to make rearrangements in third and higher order monomials
of Lorentz vectors.
Let xm = (x0, x1) be local coordinates on a two-dimensional manifold.
We define the components of a 1-form λ and a 2-form ǫ according to
λ = dxmλm, ǫ =
1
2
dxm ∧ dxnǫnm. (A.6)
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The exterior derivative of a function f is df = dxm∂mf , as customary, but
for a 1-form λ we choose
dλ := dxm ∧ dxn∂nλm. (A.7)
As a consequence d acts from the right, i.e. for a q-form ψ and a p-form φ
the Leibniz rule is
d(ψ ∧ φ) = ψ ∧ dφ+ (−1)pdψ ∧ φ. (A.8)
This convention is advantageous for the extension to spinors and superspace
(cf. Section 2.1.1 and Appendix B) where we assume the same summation
convention of superindices.
Purely bosonic two-dimensional gravity is described in terms of the an-
holonomic orthonormal basis in tangent or equivalently in cotangent space,
∂a = ea
m∂m, e
a = dxmem
a, (A.9)
where em
a is the zweibein and ea
m its inverse. We use ∂a = ea
m∂m to denote
the moving frame, because ea is used in the PSM context for the 1-forms
ea = e
bηba. The zweibein is an isomorphism which transforms world indices
into tangent indices and vice versa, therefore e := det(em
a) = det(ea
m)−1 6=
0. In terms of the metric gmn = en
bem
aηab and its determinant g = det(gmn)
we have e =
√−g. The relationship eamemb = δab can be expressed in d = 2
by the closed formulae
em
a =
1
det(eam)
ǫˆabmneb
n, ea
m =
1
det(ema)
ǫˆmnab en
b, (A.10)
where ǫˆabmn and ǫˆ
mn
ab are the generalized Kronecker symbols derived from
(A.1) by simply rewriting that formula with appropriate indices.
The transition to world indices of the ǫ-tensor (A.3) yields
ǫmn = e ǫˆmn, ǫ
mn = −1
e
ǫˆmn. (A.11)
The induced volume form
ǫ =
1
2
ea ∧ ebǫba = e1 ∧ e0 = e dx1 ∧ dx0 (A.12)
enables us to derive the useful relation dxm ∧ dxn = ǫ ǫmn, and to define the
Hodge dual according to
⋆1 = ǫ, ⋆dxm = dxnǫn
m, ⋆ǫ = 1. (A.13)
It is a linear map, i.e. ⋆(φf) = (⋆φ)f for functions f and forms φ, and
bijective ⋆⋆ = id.
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The anholonomicity coefficients cab
c from
[∂a, ∂b] = cab
c∂c, de
a = −1
2
dxm ∧ dxncnma (A.14)
can be expressed by the zweibein as well as by its inverse according to
cab
c = (∂aeb
n − ∂bean)enc, cmna = −(∂mena − ∂nema). (A.15)
In two dimensions the anholonomicity coefficients are in one-to-one corre-
spondence with their own trace
cb = cab
a, cab
c = δa
ccb − δbcca. (A.16)
With
ω˜b := ǫnm(∂men
b) (A.17)
the useful relations
ω˜c = ǫcbcb = −1
2
ǫbacab
c, cab
c = −ǫabω˜c (A.18)
and
ǫnm∂mvn = ǫ
ba(∂avb − ω˜aǫbcvc) = ǫba∂avb + ω˜cvc (A.19)
are obtained.
Apart from the zweibein a two-dimensional spacetime is characterized
by the Lorentz connection ωma
b = ωmǫa
b providing the connection 1-form
ω = dxmωm and the exterior covariant derivative of vector and covector
valued differential forms
Dφa := dφa + φb ∧ ωǫba, Dφa := dφa − ǫabφb ∧ ω. (A.20)
The exterior covariant derivative Dm acts exclusively on Lorentz indices,
whereas the full covariant derivative ∇m includes also world indices. The
latter is expressed with the help of the linear connection Γmn
l, e.g. for vectors
and covectors the component expressions
Dmv
b = ∂mv
b + vcωmc
b, ∇mvn = ∂mvn + vlΓmln, (A.21)
Dmvb = ∂mvb − ωmbcvc, ∇mvn = ∂mvn − Γmnlvl. (A.22)
are significant. Consistency for interchanging both types of indices leads to
the assertion
(Dmv
b)eb
n = ∇mvn ⇔ ∇mebn = 0. (A.23)
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From the last equation we obtain
Γmn
l = (Dmen
b)eb
l = (∂men
b + en
cωmc
b)eb
l. (A.24)
The torsion 2-form and its Hodge dual (cf. (A.13)) are defined by
ta := Dea, τa := ⋆ta. (A.25)
For the components of ta = 12dx
m ∧ dxntnma and for τa the expressions
tab
c = −cabc + ωaǫbc − ωbǫac, τa = 1
2
ǫmntnm
a (A.26)
are obtained, and due to condition (A.24)
tmn
l = Γmn
l − Γnml. (A.27)
The vector τa is frequently encountered in Chapter 4. It immediately pro-
vides a simple formula relating torsion and Lorentz connection:
ωa = ω˜a − τa (A.28)
Here ω˜a is the quantity already defined by (A.17) which turns out to be the
torsion free connection of Einstein gravity.
The curvature tensor is quite simple in two dimensions:
rmna
b = fmnǫa
b, fmn = ∂mωn − ∂nωm (A.29)
Expressed in terms of ωa one obtains
fab = ∂aωb − ∂bωa − cabcωc = ∇aωb −∇bωa + tabcωc. (A.30)
Ricci tensor and scalar read
rab = rcab
c = ǫa
cfcb, r = ra
a = ǫbafab, (A.31)
leading to the relation
r
2
= ⋆dω = ǫnm∂mωn, (A.32)
which is valid exclusively in the two-dimensional case.
Appendix B
Conventions of Spinor-Space
and Spinors
Of course, the properties of Clifford algebras and spinors in any number of
dimensions (including d = 1+ 1) are well-known, but in view of the tedious
calculations required in our present work we include this appendix in order
to prevent any misunderstandings of our results and facilitate the task of
the intrepid reader who wants to redo derivations.
The γ matrices which are the elements of the Clifford algebra defined by
the relation
γaγb + γbγa = 2ηab1l, ηab = η
ab = diag(+−), (B.1)
are represented by two-dimensional matrices
γ0α
β =
(
0 1
1 0
)
, γ1α
β =
(
0 1
−1 0
)
. (B.2)
As indicated, the lower index is assumed to be the first one. The spinor
indices are often suppressed assuming the summation from ‘ten to four’.
The generator of a Lorentz boost (hyperbolic rotation) has the form
σab =
1
2
(γaγb − γbγa) = ǫabγ3, (B.3)
where
γ3 = γ1γ0 =
(
1 0
0 −1
)
, (γ3)2 = 1l. (B.4)
In two dimensions the γ-matrices satisfy the relation
γaγb = ηab1l + ǫabγ3, (B.5)
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which is equivalent to the definition (B.1). The following formulae are fre-
quently used in our calculations:
γaγa = 2,
γaγ3 + γ3γa = 0,
tr(γaγb) = 2ηab.
γaγbγa = 0,
γaγ3 = γbǫb
a,
(B.6)
As usual the trace of the product of an odd number of γ-matrices vanishes.
In two dimensions the γ-matrices satisfy the Fierz identity
2γaα
γγbβ
δ = γaα
δγbβ
γ + γbα
δγaβ
γ +
+ ηab(δα
δδβ
γ − γ3αδγ3βγ − γcαδγcβγ) + ǫab(γ3αδδβγ − δαδγ3βγ), (B.7)
which can be checked by direct calculation. Different contractions of it with
γ-matrices then yield different but equivalent versions
2δα
γδβ
δ = δα
δδβ
γ + γ3α
δγ3β
γ + γaα
δγaβ
γ , (B.8)
2γ3α
γγ3β
δ = δα
δδβ
γ + γ3α
δγ3β
γ − γaαδγaβγ , (B.9)
γaα
γγaβ
δ = δα
δδβ
γ − γ3αδγ3βγ , (B.10)
which allow to manipulate third and higher order monomials in spinors.
Notice that equation (B.5) is also the consequence of (B.7). An other man-
ifestation of the Fierz identity is the completeness relation
Γα
β =
1
2
Γγ
γ δα
β +
1
2
(Γγa)γ
γ γaα
β +
1
2
(Γγ3)γ
γ γ3α
β. (B.11)
A Dirac spinor in two dimensions, forming an irreducible representation
for the full Lorentz group including space and time reflections, has two
complex components. We write it—in contrast to the usual convention in
field theory, but in agreement with conventional superspace notations—as a
row
χα = (χ+, χ−). (B.12)
In our notation the first and second components of a Dirac spinor correspond
to right and left chiral Weyl spinors χ(±), respectively,
χ(±) = χP±, χ(±)γ3 = ±χ(±), (B.13)
where the chiral projectors are given by
P± =
1
2
(1l± γ3) (B.14)
so that
χ(+) = (χ+, 0), χ(−) = (0, χ−). (B.15)
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Here matrices act on spinors form the right according to the usual multipli-
cation law. All spinors are always assumed to be anticommuting variables.
The notation with upper indices is a consequence of our convention to con-
tract indices, together with the usual multiplication rule for matrices. Under
the Lorentz boost by the parameter ω spinors transform as
χ′α = χβSβα, (B.16)
where
Sβ
α = δβ
α cosh
ω
2
− γ3βα sinh ω
2
=
(
e−ω/2 0
0 e+ω/2
)
, (B.17)
when the Lorentz boost of a vector is given by the matrix
Sb
a = δb
a coshω + ǫb
a sinhω =
(
coshω sinhω
sinhω coshω
)
. (B.18)
By (B.17), (B.18) the γ-matrices are invariant under simultaneous trans-
formation of Latin and Greek indices. This requirement fixes the relative
factors in the bosonic and fermionic sectors of the Lorentz generator.
For a spinor
χα =
(
χ+
χ−
)
(B.19)
the Dirac conjugation χ¯α = χ†α˙Aα˙α depends on the matrix A, which obeys
AγaA−1 = (γa)†, A† = A. (B.20)
We make the usual choice
A =
(
0 1
1 0
)
= γ0. (B.21)
The charge conjugation of a spinor using complex conjugation is
χc = Bχ∗ (B.22)
B−1γaB = −(γa)∗, BB∗ = 1l. (B.23)
For our choice of γa (B.2)
B =
( −1 0
0 1
)
. (B.24)
Alternatively, one can define the charge conjugated spinor with the help of
the Dirac conjugation matrix (B.21),
χc = (χ¯C)T = CTATχ∗, χcα = χ¯βCβα, (B.25)
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C−1γaC = −(γa)T , CT = −C, (B.26)
C = (Cβα) =
(
0 1
−1 0
)
. (B.27)
By means of
ǫαβ = ǫ
αβ =
(
0 1
−1 0
)
(B.28)
indices of Majorana spinors χc = χ, in components χ+ = −(χ+)∗, χ− =
(χ−)∗, can be raised and lowered as χα = ǫαβχβ and χα = χβǫβα. In
components we get
χ+ = χ−, χ− = −χ+. (B.29)
This yields ψαχα = −ψαχα = χαψα = ψ−χ+−ψ+χ− for two anticommuting
Majorana spinors ψ and χ. For bilinear forms we use the shorthand
(ψχ) = ψαχα, (ψγ
aχ) = ψαγaα
βχβ, (ψγ
3χ) = ψαγ3α
βχβ. (B.30)
A useful property is
ǫαβǫ
γδ = δα
γδβ
δ − δαδδβγ . (B.31)
The Fierz identity (B.8) yields
χαψ
β = −1
2
(ψχ)δα
β − 1
2
(ψγaχ)γ
a
α
β − 1
2
(ψγ3χ)γ3α
β. (B.32)
Among the spinor matrices γaαβ and γ3αβ are symmetric in α ↔ β,
whereas ǫαβ is antisymmetric.
B.1 Spin-Components of Lorentz Tensors
The light cone components of a Lorentz vector va = (v0, v1) are defined
according to
v⊕ =
1√
2
(
v0 + v1
)
, v⊖ =
1√
2
(
v0 − v1) . (B.33)
We use the somewhat unusual symbols ⊕ and ⊖ to denote light cone indices,
in order to avoid confusion with spinor indices. The Lorentz metric is off-
diagonal in this basis, η⊕⊖ = η⊖⊕ = 1, leading to the usual property for
raising and lowering indices v⊕ = v⊖ and v⊖ = v⊕. The nonzero components
of the epsilon tensor are ǫ⊕⊖ = −1 and ǫ⊖⊕ = 1. When raising the last
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index the generator of Lorentz transformation ǫa
b is found to be diagonal,
ǫ⊕⊕ = −1 and ǫ⊖⊖ = 1. For quadratic forms we obtain
vawbηba = v
⊕w⊖ + v⊖w⊕, vawbǫba = v⊕w⊖ − v⊖w⊕. (B.34)
In theories with spinors, and thus in the presence of γ-matrices, it is
convenient to associate to every Lorentz vector va a spin-tensor according to
vαβ = avcγc
αβ with the convenient value of the constant a to be determined
below. In d = 2 this spin-tensor is symmetric (vαβ = vβα) and γ3-traceless
(vαβγ3βα = 0). In order to make these properties manifest we define the
projectors
T 〈αβ〉 := −1
2
T γδγaδγγa
αβ = T (αβ) +
1
2
T γδγ3δγγ
3αβ , (B.35)
thus vαβ = v〈αβ〉. We use angle brackets to express explicitly the fact that
a spin-pair originates from a Lorentz vector and write v〈αβ〉 from now on.
In the chosen representation of the γ-matrices mixed components vanish,
v〈+−〉 = v〈−+〉 = 0. Furthermore, as a consequence of the spinor metric
(B.28) the spin pairs 〈++〉 and 〈−−〉 behave exactly as light cone indices;
these indices are lowered according to
v〈++〉 = v〈−−〉, v〈−−〉 = v〈++〉. (B.36)
In order to be consistent the Lorentz metric in spinor components has to
be of light cone form too: By definition we have η〈αβ〉〈δγ〉 = a2γaαβγbδγηab,
which is indeed off diagonal and symmetric when interchanging the spin-
pairs. Demanding η〈++〉〈−−〉 = 1 fixes the parameter a up to a sign, yielding
a = ± i√
2
. We choose the positive sign yielding for the injection of vectors
into spin-tensors, and for the extraction of vectors from spin-tensors
v〈αβ〉 :=
i√
2
vaγa
αβ, T a :=
i√
2
Tαβγaβα, (B.37)
respectively. This definition leads to
η〈αβ〉〈δγ〉 = −
1
2
γaαβγaδγ , (B.38)
γ〈αβ〉δγ =
i√
2
γaαβγaδγ = −i
√
2η〈αβ〉〈δγ〉 (B.39)
for the conversion of Lorentz indices in ηab and γaδγ to spin-pairs, yielding
for the latter also a spin-tensor which is symmetric when interchanging the
spin pairs, γ〈αβ〉〈δγ〉 = γ〈δγ〉〈αβ〉.
The spin pair components are not identical to the light cone ones as
defined above in (B.33). The former are purely imaginary and related to
the latter according to
v〈++〉 = iv⊕, v〈−−〉 = −iv⊖. (B.40)
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The components of the epsilon tensor are ǫ〈++〉〈−−〉 = −1 and ǫ〈−−〉〈++〉 = 1
and the quadratic forms read
vawa = v
〈αβ〉w〈βα〉 = v〈++〉w〈−−〉 + v〈−−〉w〈++〉, (B.41)
vawbǫba = v
〈αβ〉w〈γδ〉ǫ〈δγ〉〈βα〉 = v〈++〉w〈−−〉 − v〈−−〉w〈++〉. (B.42)
Note that we can exchange contracted Lorentz indices with spin pair indices
in angle brackets—a consequence of our choice for parameter a.
The metric η〈αβ〉〈γδ〉 is only applicable to lower spin-pair indices which
correspond to Lorentz vectors. It can be extended to a full metric ηαβ
δγ ,
demanding T βαηαβ
δγ = T δγ for any spin-tensor T βα. This implies the γ-
matrix expansion
ηαβ
δγ = −1
2
γaαβγa
δγ − 1
2
γ3αβγ
3δγ − 1
2
ǫαβǫ
δγ . (B.43)
Using Fierz identity (B.8) we find the simple formula
ηαβ
δγ = δα
γδβ
δ. (B.44)
For easier writing we omit in the main text of this work the brackets
when adequate (v〈++〉 → v++, v〈−−〉 → v−−, etc.).
B.2 Decompositions of Spin-Tensors
Any symmetric spinor Wαβ = Wβα can be decomposed in a vector and a
pseudoscalar
Wαβ =W
aγaαβ +W
3γ3αβ (B.45)
given by
W a =
1
2
(Wγa)γ
γ , W 3 =
1
2
(Wγ3)γ
γ . (B.46)
The symmetric tensor product of two spinors is therefore
χαψβ + χβψα = (χγaψ) γ
a
αβ + (χγ
3ψ) γ3αβ. (B.47)
The field ψaα has one vector and one spinor index. We assume that for
each a it is a Majorana spinor. Therefore it has two real and two purely
imaginary components forming a reducible representation of the Lorentz
group. In many applications it becomes extremely useful to work with its
Lorentz covariant decomposition
ψa = ψγa + λa, (B.48)
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where
ψ =
1
2
(ψaγa), λ
a =
1
2
(ψbγaγb) =
1
2
(γbγ
aψb). (B.49)
The spinor ψα and the spin-vector λa
α form irreducible representations of
the Lorentz group and each of them has two independent components. The
spin-vector λa satisfies the Rarita-Schwinger condition
λaγ
a = 0 (B.50)
valid for such a field. In two dimensions equation (B.50) may be written in
equivalent forms
λaγb = λbγa or ǫ
abλaγb = 0. (B.51)
If one chooses the λ0α components as independent ones then the components
of λ1α can be found from (B.50) to be
λ0α = (λ0+, λ0−), λ1α = (λ0+,−λ0−).
It is important to note that as a consequence any cubic or higher monomial
of the (anticommuting) ψ or λa vanishes identically. Furthermore, the field
λa satisfies the useful relation
ǫa
bλb = λaγ
3 (B.52)
which together with (B.6) yields
ǫa
bψb = −ψγaγ3 + λaγ3. (B.53)
For the sake of brevity we often introduce the obvious notations
ψ2 = ψαψα, λ
2 = λaαλaα. (B.54)
Other convenient identities used for λa in our present work are
(λaλb) =
1
2
ηabλ
2, (B.55)
(λaγ
3λb) =
1
2
ǫabλ
2, (B.56)
(λaγcλb) = 0. (B.57)
The first of these identities can be proved by inserting the unit matrix γaγ
a/2
inside the product and interchanging the indices due to equation (B.51). The
second and third equation is antisymmetric in indices a, b, and therefore to
be calculated easily because they are proportional to ǫab.
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Quadratic combinations of the vector-spinor field can be decomposed in
terms of irreducible components:
(ψaψb) = ηab
(
−ψ2 + 1
2
λ2
)
+ 2(ψγaλb) (B.58)
(ψaγ
3ψb) = ǫab
(
ψ2 +
1
2
λ2
)
(B.59)
(ψaγcψb) = 2ǫab(ψγ
3λc) (B.60)
(ψaγcγ
3ψb) = 2ǫab(ψλc) (B.61)
Any totally symmetric spinor Wαβγ =W(αβγ) can be written as
Wαβγ = γ
a
αβWaγ + γ
a
βγWaα + γ
a
γαWaβ, (B.62)
where the decomposition of the vector-spinor Waγ =W
+
aγ +W
−
aγ is given
by
W+aδ = −1
4
(γaγ
b)δ
γγb
βαWαβγ , (B.63)
W−aδ = − 1
12
(γbγa)δ
γγb
βαWαβγ . (B.64)
The part W+aγ = −γaγδW+δ can be calculated, with help of the identity
γbδ
(γγb
βα) = −γ3δ(γγ3βα), (B.65)
by the formula
W+δ =
1
4
γbδ
γγb
βαWαβγ = −1
4
γ3δ
γγ3βαWαβγ . (B.66)
If a totally symmetric spinor Vαβγ = V(αβγ) is given in the form
Vαβγ = γ
3
αβVγ + γ
3
βγVα + γ
3
γαVβ, (B.67)
the representation of Vαβγ in the form (B.62) is given by
W+δ = (γ
3V )δ, W
−
aδ = 0, (B.68)
therefore
Vαβγ = −γaαβ(γaγ3V )γ − γaβγ(γaγ3V )α − γaγα(γaγ3V )β . (B.69)
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B.3 Properties of the Γ-Matrices
There are several useful brackets the of γ-matrices with Γa and Γ3 which
have been used in Section 2.5.4:
{Γ3, γ3} = 2 · 1l [Γ3, γ3] = −2ikaǫabγb (B.70)
{Γ3, γa} = 2ika1l [Γ3, γa] = 2ǫabΓb (B.71)
{Γa, γ3} = −2ika1l [Γa, γ3] = [γa, γ3] = 2γaγ3 (B.72)
{Γa, γb} = 2ηab1l [Γa, γb] = 2ǫabγ3 + 2ika(γbγ3) (B.73)
The algebra of the field dependent Γ-matrices reads
{Γ3,Γ3} = 2(1 − k2)1l, [Γ3,Γ3] = 0, (B.74)
{Γ3,Γa} = 0, [Γ3,Γa] = 2(δab − kakb)ǫbcΓc, (B.75)
{Γa,Γb} = 2
(
ηab − kakb
)
1l, [Γa,Γb] = 2ǫabΓ3, (B.76)
where the abbreviation k2 = kaka was introduced. The anticommutator in
(B.76) suggests the interpretation of ηab− kakb as a metric in tangent space
(cf. for a similar feature [30]). From the algebra
Γ3Γ3 = (1− k2)1l, (B.77)
Γ3Γa = (δa
b − kakb)ǫbcΓc, (B.78)
ΓaΓb = (ηab − kakb)1l + ǫabΓ3 (B.79)
is derived. Note that because of (δa
b − kakb)ǫbc = ǫab
(
(1− k2)δbc + kbkc
)
we can also write
Γ3Γa = (1− k2)ǫabΓb + kbkcΓc = (1− k2)ǫabγb − iǫabkbΓ3. (B.80)
For three products of Γa the symmetry property ΓaΓbΓc = ΓcΓbΓa is valid.
Contractions of the Rarita-Schwinger field with Γa similar to (B.49) yield
1
2
(ψbΓcΓ
b)α = λb
α − i
2
kb(ψbΓcγ
3)α + ikc(ψγ3)α, (B.81)
1
2
(ψbΓ
b)α = ψα − i
2
kb(ψbγ
3)α. (B.82)
Some further formulae used in the calculations for terms quadratic in the
Rarita-Schwinger field are
(δa
d − kakd)(ψdΓcΓbψc) = (δbd − kbkd)(ψdΓcΓaψc), (B.83)
(ψcΓ
cΓ3ΓbΓaψb) = (ψcΓ
aΓ3ΓbΓcψb) = (1− k2)ǫcb(ψbΓaψc), (B.84)
ǫcb(ψbΓ
aψc) = (ψbγ
aγ3ΓcΓbψc) = 4(ψγ
3λa)− ika(2ψ2 + λ2), (B.85)
and in the emergence of two different spin-vectors
(ψbΓ
aγmϕ
b) = (ϕbγmΓ
aψb), (ψbΓ
aγ3ϕb) = (ϕbγ3Γaψb). (B.86)
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